Three-spin interaction in liquid state nuclear magnetic resonance
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The imaginary part of the magnetic dipole—dipole cross correlation spectral density in spin 1/2
systems generates a novel type of three-spin Hamiltonian with téghsl,,, 1!l and
li,ljy1y @nd permutations in the spin labeélsj, k. These terms cause asymmetric positions of the
spin multiplet components, which could not be explained by schtaupling and chemical shift
terms. © 1996 American Institute of Physids$S0021-960606)51239-7

INTRODUCTION where wg, is the Larmor frequency of spik andJ,, is the

Dissipative spin dynamics can be described within the scalarJ-coupling constantin units of HZ) between spink

well-established framework of Bloch—Wangsness—Redfiel@ndl. On the other hand, the elementsfbtan be expressed
(BWR) relaxation theory?in terms of complex spectral den- by double commutator relationships of the relaxation—active
sities of the lattice part of the involved relaxative interac-spin interactions. In a spin Liouville space operator basis
tions. While the real component, the power spectral density,Bn,} with the scalar product defined as the trace metric
causes dissipation there is also an imaginary part which give@|B)= tr{ATB}

rise to frequency shifts in the NMR spectrdrh.

In the context of liquid-state NMR spectroscopy, the sig- (la)mn @ (q) =i ZQW(w(“” )}
nificance of imaginary spectral densities has been realized Qv
some time ago and their effects have been studied in quadru- X(BmI[Tp SN q) aBn]]>/<Bm|Bm> 3

polar systems (with spin [1>1/2) theoretically and

experimentally? It has been shown recently for two-spin 1/2 Where eigenoperatdF(, is the qth term of the irreducible
systems that cross-correlated fluctuations of dipolar angpPin operator component of interaction u Wlth eigenfre-
chemical shielding anisotrop{CSA) interactions generate duencyw(, ie., [ 7, T0] = oD T . J, (o) is the
an additiveJ-coupling termAl ,1,,.*® The analogous case Fourier transform an@, (w) is the sine transform of the
of two cross-correlated dipolar interactions, which is the subcorrelation functionCW(t) of the lattice parts of the in-
ject of this work, is even more intriguing, since the imagi- Volved interactiong: and,

nary spectral density part cannot any longer be accommo- o .

dated by the chemical shift drcoupling Hamiltonian. Thus Jw(w)=f CM,,(t)e*"“tdt,

the widely used liquid-state Hamiltonian needs modification, -

as is shown here, in form of a three-spin Hamiltonian term, o _ 4

which causes asymmetric multiplets. To facilitate explicit QMV(w)ZfO C,.(t)sin ot dt,

calculations, a general relationship is derived first, which re-

lates the imaginary part of the relaxation superoperator to &ith symmetry properties

complementary, time-independent Hamiltonian.
P Y P 3(@)=3,(~®), Qu©)==Q,(~w)

MASTER EQUATION Qu(0)=0, J,(w)=3,,(w), (5
The dynamics of a spin density operawrfollows the Qui(®)=Q,u(w).

master equatidh w=v signifies an autocorrelation process gné v a cross-
d = correlation process. While the real pdfiw) of the spectral
Tl i[ Hy,0]-T{o— 0o}, (1)  density function causes dissipative dynaniiesaxatior), the

imaginary parQ(w) gives rise to oscillatory behavior. More
whereay is the spin state in thermal equilibrium. Experimen-
tally accessible are transition frequencies of the Hamiltonia
part of Eq.(1) and relaxation rate constants which constitute,

I%]enerally, the imaginary part dT induces pure unitary time
evolution and the corresponding infinitesimal generator can
be viewed as an additive term to the Hamiltonian of Eq.
the relaxation superoperatd? and reflect stochastically (2).12 A general expression for this Hamiltonian in the pres-
modulated interactions such as the magnetic dipolar interagnce of auto- and cross-correlated relaxation is derived in the
tion. following section.

In isotropic liquids the fast rotational molecular tum-
bling averages all anisotropic interactions to zero aig
takes the standard fofrfi RELAXATION INDUCED LEVEL SHIFT

To=S wod 27> Il 2 The_|mag|nary part of Eq3) can be rewritten as a sum
over pairs of termx+Y,
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X+Y= _iqu("’E)(,‘L)<Bm|[T§{Vq) 1[1-;)?2‘ Bl tances are g, 'y, swand the angles between the ?nternu-
_ - - clear vectors areyx s ;w. Xsisw: Xwiws: respectively.
—iQ, (w0l M(BLI[TW [TY,By]l).  (6)  Cross-correlation effects between the two dipolar interac-

H S AW .
Usi (-d=_ ,@ and - _ Eq. (5)], tions. 77}y and. 7’ can be calculated by using the standard
S @p.p @pyu ANAQ(0) == Qyu(~ w) [Ea. B)] definition of the dipolar interactiofsee, e.g., Ref.)7
2

it follows immediately

i () (-9 7@ 1
X+Y= |QMv(CUp(?,,,){<Bm|[Tp’Vq ,[Tp(:]'u,Bn]]) ]KiDS: flSrT qzz (_1)qY£q(Q:%b(t))Tg(|,S), (13
—(B.[T@ , T(_q),B ) 7 Is 4=
_ (Bnll P Tpw _ n]]>_} @ whereYJ are the 2nd rank spherical harmonics of the orien-
Using the double commutator identity, tation Q,2(t) = (6,¢) of the internuclear vectarg with re-
E,[D,B]]-[D,[E,B]]=[[E,D],B], g)  spect to the laboratory frame aiig(l,S) are irreducible spin
[E.LD.B]1-[D.[E.BII=[IE.D]B] _ ® operators of rank 2; T3(1,8)=6"Y3421,S,—(1*S”
whereB,D,E are general operators, one obtains +178%/2], T3 11,9 =% (1*S,+1,5)/2, T52(1,S)
. _ _1ta* _ 12
X+Y:_'Qw(wﬁ,)imeH[T(p,Vq)vT(p?L]an]% 9) 1=S7/2. &5 (247/5) " (poldm)(h/27) y,vs, where

. v, s are the gyromagnetic ratios of spin spediesnd S
which takes the form of the commutator superoperatokespectively,h is Planck’s constant, ang, is the vacuum

- i,}/: —i[.77,...]Jwith the Hamiltonian permeability. Insertion into Eq11) yields
H=Q, (0 I)[TE I T ). (10 Hsiw=~ Q@) S;W,
It is thus possible to attribute the imaginary partﬁ)tEq. — 58(ws,0w) Qs jw( @~ {1 SWy+1,5,Wy}

(3)] to a new static Hamiltonia#! with elements
] + 3000, 0w Qis il @) {1L,SW, + 1, SWy}

oy 1 (q)
(Fmi=3 2 Quilwp + 16(01,09 Qs (0 {1LSW,+ 1, SW,}
X(Bul[[T6, 9, T 1B, 1)/ (BB (1D — 8(ws, ww) Qs 1wl @) + @) {1 SWy+ 1,5 Wy},
causing energy level shifts and contributing to the total static (14)
Hamiltonian whereQ,s w(w) is defined in Eq(4) with
Fosta=To+ T 12 &isé
G o B2 comn=2 R vammopvain)  as
Equation(11) is valid for arbitrary spin systems and relax- Mis Mw

ation mechanisms. It helps to rationalize the effect of theand §(w;,w;)=1 for w;=w; and 8(w;,w;)=0 otherwise.

imaginary part off’ on spin dynamics and simplifies consid- Hs,w is a sum of three-spin Hamiltonian terms. Although
erably analytical calculations, since, in contrast to its reaf® relaxation—active dipolar interactions are exclusively
counter part, it does not require a full Liouville space treat-WO-Spin Hamiltonians, nonlinear averaging as expressed by

ment. Eq. (3) leads to unitary evolution under three-spin Hamilto-
The treatment of dipole-CSA cross correlation in a two-Mans..— _ _ _ _
spin 1/2 system given in Ref. 5 does not use @4). There, For_a rlg_ld molecule, Whlch_ tumbles_ isotropically with a
the 16-dimensional Liouville space has been reduced by s&orrelation timer, the correlation function s
lection rule arguments to a 4-dimensional subspace and the 1 §sé
= Cism(t)= — 22 2P (cos x,s w)e /e (16)
imaginary part of thel-superoperator has been interpreted ISIWA T an e rd, 2 ISIW ’

by element-wise comparison with commutator superoperas 4

tors belonging to Hamiltonian terms given in E@). In

larger spin systems involving higher dimensional Liouville 1 &séiw ‘*’Tg

spaces, however, this procedure becomes impractical and ap- Q1sw(®)= 72— 3 EPZ(COSX'S"W)lJF w272’ 17
plication of Eqg.(11) is beneficial, in particular when the

corresponding infinitesimal generatot’ cannot be repre-
sented by Eq(2) any longer. The following section may
serve as an illustration.

where P,(x)=(3x2—1)/2. Qis,w(w) is maximal for
w7,=1 and approaches zero farr.— 0. For constantr.,
lim, Qs w(w)—0 and for constant  w,
IimTCHwQS,,W(w)Mw‘l. The effect is thus most pro-
DIPOLE-DIPOLE CROSS-CORRELATION nounced for intermediate tumbling correlation times
Dipole—dipole cross correlation is manifested in systemsr.~wg * at relatively lowB, field strengthsQ,s w(w) car-
consisting of three or more spins. We assume a three-spiries potentially useful structural and dynamical molecular in-
1/2 system attached to an isotropically tumbling moleculeformation. In the presence of internal moti@hs w(w) is
with the three spins labeled S, andW. Generalization to modified as described in Ref. 5.
more than three spins is straightforwafdde infra). The Summation of all contributions of the type o¥)g
Larmor frequencies are,, ws, oy, the internuclear dis- yields. 7|, = JK,FS',W + .7//2,,SW+ ,/’/Z\FNLWS. Forthe general
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N spin case one has an additional sum over spin triples, since 05
from Eq. (11) follows 7, ,y=0 for four distinct spins
Lojs ko1
N w 0.0
=2 D A (#]K). (18) L
=1 j<k
3
Two special cases deserve particular attention. = s
(i) In the weak coupling limitwhere the chemical shift
differences are much larger th&h only the secular term of
Eq. (14) is relevant
-1.0 )
, 0 5
jZIFS,IWZ —Qisw(@)1,SW,. (19 Te [ns]
(i) For ahomonuclear systelfw,=w,= ws= o), FIG. 1. Dipole—dipole cross-correlation induced three-spin coupliag,
) 1 [Eq. (21)] calculated for a covalently bondétCH, three-spin 1/2 system as
.7K|FS’|W= — Qs w(wo) 1 ;SW,+ 5 Qs 1wl wp) a function of the overall tumbling correlation time (sp® bonding geom-
etry has been assumed with a bond anglg c4=109° and bond length
X{LSW+ 1, S;W, + LSW,+1,SW,} rew=1.08 A). The different curves refer to variabR, field strengths of

200, 400, 600, and 800 MHz proton frequency, respectively.
— Qs w(20o){1 ,SW,+1,SW,}. (20)
Finally, it is noted that cross correlations of the aniso-
tropic parts of indirect spin—spin couplings as well as cros
correlations between time-modulated, heteronuclear isotropi
scalarJ couplings can also induce three-spin Hamiltonian
terms.

which are placed at frequenciesdé+Jw—Jisw)/2,
Jis—IwtJisw)/2, (=JisTIwtdisw/2, and
—Jis—dw—Jisw)/2. If both scalar couplingd,s and J,
are resolved, the presencelpf,, causes aasymmetrianul-
tiplet pattern which could not be explained by the standard
Hamiltonian.7, of Eq. (2). Measurement of such an asym-
metry in the positions of the multiplet components should
CONSEQUENCES FOR NMR SPECTRUM allow experimental determination dfsy.
The strengthl,sy is now estimated at the example of a

weakly coupled*CH, three-spin 1/2 system. The dipolar

pling limit with initial condition oy=1, [created, e.g., from S .
I . | cross-correlation induced by three-spin couplihg,, of Eq.
thermal equilibriumoe, by a selective £/2), rf pulse]. The (21) is plotted in Fig. 1 as a function of the tumbling corre-

secular part of the static Hamiltonian, which does not com-_. ; : '
. L . S lation time 7, and for different spectrometer field strengths
mute withl,, is in a rotating frame which is on-resonance

with respect to Spir B,. A maximal negativelgy, value of —0.81 Hz is found
P pi, for B,=200 MHz and7.=1.35 ns. For increasing., J,sw
Tgai= 2T gl ;S 27 Iyl W+ 47 dpwd ;SW,, (21 crosses zero and becomes positive sikg, ¢y starts to

where Jiws= — (1/4m){Qis (@) + Qs swl @9 + Qurws dominate the twdQu, cyy terms, which have opposite sign

(ww)} is what could be called “three—spin couplingiin Since iy cy I smaller andyey ey is larger than the magic
un;/tvs of H2 angle of 54.7°. For largeB, fields, the zero crossing is

If the real part oflg“ responsible for relaxation, is ne- shifted towards shorter correlation times and the maximal

glected, the time evolution can be calculated using produci@gnitude oflsy, is monotonously decreasing.
operator rule§,which have been extended in the appendix to
include evolution under the three-spin Hamiltonian term
Amdwsl S,W,, The effect of the imaginary part of the spectral density of
(1) =CisCiwCiswl x— SisSiwSiswly pairs of dipplar_in_te_rac';ions on spin dynamics is unitary and
the underlying infinitesimal generator shows a novel type of
—S;sSwCiswA xS W, + € 1sCiwSiswAlyS,W, three-spin interaction, which modifies the extensively used
standard liquid-state NMR Hamiltonian. In closely spaced
~ CisSiwSiswel xSz T SisCiwCiswllyS, spin triples the magnitude of the induced spectral asymmetry
—S;sCwSiswll x\W, + € sSiwCiswl yW,, (22 is significant and should lie in the realm of experimental
observation. The formalism presented here relies on semi-
classical BWR relaxation theor§ and provides a conceptu-
ally and computationally easier access to relaxation-induced
level shifts.

We consider adSW 3 spin 1/2 system in the weak cou-

CONCLUSION

Where Cij :COS(’ITJijt), Sij:Sin(WJijt), Cijk:COS(ﬂ-‘]ijkt)l
Sijk=sin(mJit) (i,j,k=1,SW). The detectable NMR
quadrature signall *)(t)=Tr{l "o (t)} originates only from
thel, andl, terms

(17)(1) =2(CisCiwCisw— iSIsSIwSisw) - (23) ACKNOWLEDGMENTS
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