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Reconstruction of interatomic vectors by principle component analysis
of nuclear magnetic resonance data in multiple alignments

Jean-Christophe Hus and Rafael Brüschweilera)

Carlson School of Chemistry and Biochemistry, Clark University, Worcester, Massachusetts 01610

~Received 25 March 2002; accepted 24 April 2002!

A general method is presented for the reconstruction of interatomic vector orientations from nuclear
magnetic resonance~NMR! spectroscopic data of tensor interactions of rank 2, such as dipolar
coupling and chemical shielding anisotropy interactions, in solids and partially aligned liquid-state
systems. The method, called PRIMA, is based on a principal component analysis of the covariance
matrix of the NMR parameters collected for multiple alignments. The five nonzero eigenvalues and
their eigenvectors efficiently allow the approximate reconstruction of the vector orientations of the
underlying interactions. The method is demonstrated for an isotropic distribution of sample
orientations as well as for finite sets of orientations and internuclear vectors encountered in protein
systems. ©2002 American Institute of Physics.@DOI: 10.1063/1.1485727#
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I. INTRODUCTION

Nuclear magnetic resonance~NMR! spectroscopy pro-
vides unique structural information on aligned and partia
aligned macromolecular systems in the solid state and in
liquid state.1–12 There are many ways to achieve spat
alignment such as by crystallization, by the presence of
external magnetic or electric field, by imbedding of the ma
romolecules in a bilayer or an anisotropic gel, or by t
presence of a liquid crystalline environment.5–10 Structural
information is encoded in the magnitudes of anisotropic
teractions of rank 2, such as the dipolar interaction, chem
shielding anisotropy, and the nuclear quadrupolar interact
which depend on the orientation of the interaction with
spect to the external magnetic field.1

Unfortunately, the generation of a three-dimensio
~3D! structure from such data is not straightforward. A sta
dard procedure starts with the measurement of coupling
shieldings that belong to the same rigid molecular fragm
from which a discrete set of orientations can be derived
are compatible with the experimental data.12 The degeneracy
of allowed fragment orientations can be reduced by colle
ing additional data with the sample being differentia
aligned with respect to the external magnetic field. In
case of solid-state NMR the overall orientation can
changed by tilting the sample whereas in liquid-state NM
the alignment tensor can be modified by altering or by
placing the alignment medium. Oriented molecular fra
ments can be assembled into larger structures using b
angle restrictions at the interface as addition
conformational constraints.12,13 These structures serve a
starting points for structural refinement procedures using
lecular force field-based simulated annealing schemes o
in combination with other NMR-derived constraints such
nuclear overhauser enhancements~NOEs! and scalar J
couplings.7,9,10,14–19

a!Author to whom correspondence should be addressed; electronic
bruschweiler@nmr.clarku.edu
1160021-9606/2002/117(3)/1166/7/$19.00

Downloaded 23 Jan 2007 to 128.186.12.53. Redistribution subject to AIP
e
l
n
-

-
al
n,
-

l
-
or
t

at

t-

e
e

-
-
d-
l

o-
en
s

We present here a general and efficient method for
conversion of orientational tensor information of rank 2 c
lected for different alignments in the solid state or liqu
state into three-dimensional intramolecular vector orien
tions. The method is based on a principle component anal
of the covariance matrix of the interactions at different si
evaluated over multiple alignments. Diagonalization of t
matrix yields five eigenvectors with nonzero eigenvalues t
can be converted into three-dimensional vector orientatio
The method is demonstrated for sets of randomly orien
vectors as well as sets of internuclear vectors extracted f
3D protein structures.

II. METHOD

A. General

In the following we focus on magnetic dipole–dipo
couplings. Other anisotropic interactions such as chem
shielding anisotropy and nuclear quadrupolar interaction
be treated in a fully analogous way. An ensemble of identi
molecules in the presence of a strong magnetic fieldB0 is
considered where each molecule hasN heteronuclear spin
1/2 pairs (IS) with a fixed internuclear distancer IS . For a
given overall alignmentk the orientations of the internuclea
vectorsei

(k) ( i 51,...,N) with respect to the laboratory fram
with the z axis parallel toB0 are defined by the polar angle
V i

(k)5(u i
(k) ,w i

(k)). For a static system with a fixed overa
orientation~alignment!, such as a single crystal, the secu
part of the magnetic dipole–dipole Hamiltonian is given b1

H~k!52
m0

4p

h

2p
g IgSr IS

23(
i 51

N

P2~cosu i
~k!!2I izSiz , ~1!

wherem0 is the magnetic field constant,h is Planck’s con-
stant,g I andgS are the gyromagnetic ratios of spin specieI
and S, and P2(x)5(3x221)/2 is the Legendre polynomia
of rank 2. This Hamiltonian causes a resonance splitting
size
il:
6 © 2002 American Institute of Physics
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Di
~k!5dP2~cosu i

~k!!5dA4p

5
Y20~u i

~k!!, ~2!

where

d52
1

p

m0

4p

h

2p
g IgSr IS

23

has units of Hz.
For a system that is partially oriented, for example d

to the presence of a liquid-crystalline environment, the di
lar couplings are partially averaged by fast overall reorien
tional Brownian motions leading to residual dipolar co
plings ~RDCs! that can be described by a symmetric a
traceless alignment tensorD ~in units of Hz! with eigenval-
ues Dxx , Dyy , Dzz, where uDzzu>uDyyu>uDxxu. In the
eigenframe of tensorD(k) the residual dipolar coupling be
tween spinsI andS can be expressed as

Di
~k!5Da

~k!$3 cos2 u i
~k!211 3

2 R~k! sin2 u i
~k! cos 2w i

~k!%,
~3!

where Da
(k)5Dzz

(k)/2 is the axial component andR(k)52/3
•(Dxx

(k)2Dyy
(k))/Dzz

(k) is the rhombicity ofD(k) with 0<R(k)

<2/3. V i
(k)5(u i

(k) ,w i
(k)) is the direction of internuclear vec

tor ei
(k) . For what follows it is convenient to express th

residual dipolar couplings of Eq.~3! by normalized second
order spherical harmonic functionsY2M(u,w):

Di
~k!5Dzz

~k!A4p

5 H Y20~u i
~k! ,w i

~k!!

1A3

8
R~k!@Y22~u i

~k! ,w i
~k!!1Y22* ~u i

~k! ,w i
~k!!#J .

~4!

Except for an overall scaling factor, the solid-state case
Eq. ~2! is contained in Eq.~4! by settingR(k)50.

B. Covariance matrix of dipolar couplings

The N3N covariance matrixC of dipolar couplings or
RDCs measured forM different alignmentsk can be calcu-
lated according to

Ci j 5
1

M21 (
k51

M

wk~Di
~k!2^Di&k!~D j

~k!2^D j&k!,

i , j 51,...,N, ~5!

where^Di&k51/M(k51
M Di

(k) is the average of the coupling
Di

(k) measured forM alignments andwk>0 is the relative
weight of the dipolar couplings of alignmentk. These
weights can be adjusted to take into account differentialDzz

(k)

values and different noise levels. For the theoretical
amples discussed below thewk are set to 1.

C. Isotropic distribution of alignment media

In the idealized case of an isotropic distribution of alig
ments with fixed axial and rhombic components,Da andR, a
simple analytical expression can be found for the element
covariance matrixC5Ciso. The effect of a change of th
Downloaded 23 Jan 2007 to 128.186.12.53. Redistribution subject to AIP
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alignment on the dipolar couplings can be expressed u
the well-known relationships of spherical harmonics und
3D rotationsR~a,b,g! defined by the three Euler anglesa, b,
andg: 20

R~a,b,g!Y2M~V!5(
M8

DM8M
~2!

~a,b,g!Y2M8~V!. ~6!

If the alignment tensorl is related to the alignment tensork
by the rotationR~a,b,g!, the dipolar couplingsDi

( l ) are ob-
tained by applying Eq.~6! to Eq. ~4!:21

Di
~ l !5DzzA4p

5 H(
M

DM0
~2! ~a,b,g!Y2M~V i

~k!!

1A3

8
RF(

M
DM2

~2! ~a,b,g!Y2M~V i
~k!!

1(
M

DM2
~2!* ~a,b,g!Y2M* ~V i

~k!!G J . ~7!

Insertion of Eq.~7! into Eq. ~5! followed by analytical inte-
gration over the Euler angles yields

Ci j
iso5Dzz

2 ~11 3
8R

2!P2~ei•ej !, ~8!

where^Y2M(V)& iso}*da sinb db dg Y2M(V)50 and the or-
thonormality relationship of Wigner matrix elements20

1

8p2 E da sinb db dgDM8N8
~2!

~a,b,g!DM9N9
~2!* ~a,b,g!

5
1

5
dM8M9dN8N9 ~9!

were used. In the solid-state case one obtains in full analo

Ci j
iso5d2P2~ei•ej !. ~10!

D. Reconstruction of dipolar vectors

Directional information about the internuclear vectorsei

can be extracted from covariance matrixC ~or Ciso! after
performing a principal component analysis:

Cuq&5lquq&, ~11!

whereuq& are theN normalized eigenvectors andlq are the
corresponding eigenvalues. The eigenvalues fulfilllq>0
and in case the shape of the molecule does not depend o
alignment at most five eigenvalues differ from zero. We
sume in the following that the eigenvalues are sorted in s
with the largest eigenvalue beingl5 and the smallest non
zero eigenvalue beingl1 . The distribution of orientations
directly affects the magnitudes of the five largest eigenv
ues. The condition numberc is defined as the ratio of the
largest to the smallest nonzero eigenvalue,c5l5 /l1 .

From the five nonzero eigenvalues and their eigenv
tors u1&,...,u5& a N35 matrix A is constructed with elements

Aiq5Alquq& i , i 51,...,N, q51,...,5, ~12!

whereuq& i is the ith element of eigenvectoruq&. The infor-
mation of the direction of vectorei is encoded in the five
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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matrix elements of theith row. Each of the five elements i
considered to correspond to the real or imaginary part of
spherical harmonics of rank 2 evaluated in a molecular fra
that is the same for all vectors, i.e., all rows:

Ai15A4p

5
dz25

1

2
~3zi

221!,

Ai25A4p

5
dzx5A3zixi ,

Ai35A4p

5
dzy5A3ziyi , ~13!

Ai45A4p

5
dx22y25

A3

2
~xi

22yi
2!,

Ai55A4p

5
dxy5A3xiyi ,

where xi , yi , and zi are the Cartesian coordinates of un
vectorei :

ei5~xi ,yi ,zi !5~cosw i sinu i ,sinw i sinu i ,cosu i !. ~14!

For each vectorei a best estimateei8 can be obtained by
fitting (u i ,w i) to the five elementsAiq . This can be done by
a grid search overu i ,w i values or by a nonlinear leas
squares minimization with respect tou i ,w i . Because the as
signment of the five largest eigenvectors to the spherical
monics is not known, each of the 5!5120 permutations ha
to be tested. In addition, becauseuq& and 2uq& are both
eigenvectors to the same eigenvaluelq , the absolute sign o
the eigenvectorsuq& is unknown. Therefore, all 25532 pos-
sible sign combinations have to be considered. The (u i8 ,w i8)
direction that yields the best agreement for any of the 1
33253840 combinations represents the best estimate foei .
For each row of matrixA the best fitting vectorei8 of Eq.
~14! can be individually determined. Because each of
3840 fits includes only two fitting parameters,u i8 andw i8 , it
can be carried out very efficiently. In the following th
method is referred to as principal component analysis
multiple alignment data~PRIMA!.

It follows directly from Eq.~13! that for each vectorei8
its inversion2ei8 fits equally well. Hence, the PRIMA pro
cedure yields orientations of internuclear vectors rather t
absolute directions, which is a direct consequence of the
that rank 2 interactions are invariant under inversion. Thi
also manifested in the mathematical form of the isotro
covariances of Eqs.~8! and ~10!, which are proportional to
3(ei•ej )

221 and, therefore, invariant under inversion of e
ther one or both directionsei andej .

E. Comparison of original and reconstructed vectors

A simple way for assessing the overall agreement
tween the original and the reconstructed vectors is by tak
the difference of the angles between two original vectorsei

and ej and the corresponding reconstructed vectorsei8 and
ej8 :
Downloaded 23 Jan 2007 to 128.186.12.53. Redistribution subject to AIP
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D i j 5u@cos21u~ei•ej !u2cos21u~ei8•ej8!u#uP@0°,90°#.
~15!

A measure for the discrepancy between the two sets of v
tors ei andei8 is the angle difference averaged over allN(N
21)/2 angles:

^D&5
2

N~N21! (i , j
D i j , ~16!

where^D& is zero if the original and the reconstructed dire
tions are identical, otherwisêD&.0.

Other quantities that will be used in Sec. III are th
standard deviationsD of the D i j values:

sD5S 1

N~N21!/221 (
i , j

~D i j 2^D&!2D 1/2

~17!

and the maximal and minimal values ofD i j , respectively,

Dmax5max$D i j % and Dmin5min$D i j %. ~18!

It is useful to define for a given vectori the average of
D i j for all N21 vector pairsij with j Þ i :

^D i j & j5
1

N21 (
j Þ i

D i j . ~19!

The quality of the reconstructed vectors can also be
sessed by directly superimposing them on the original v
tors. Since the two structures are expressed in differ
frames, the two frames need to be first aligned by applyin
3D rotation defined by the Euler anglesa8, b8, andg8 that
minimizes the penalty function

x25(
i 51

N

@sind i~a8,b8,g8!#2, ~20!

whered i is the angle between vectorsei andei8 . The Euler
anglesa8, b8, and g8 are determined by a nonlinear leas
squares optimization.x2 is zero if the original and the recon
structed directions are identical, otherwise it is larger th
zero. While the optimizedd i values,d i

min , provide a more
direct assessment of the differences between original and
constructed vectors than the measures of Eqs.~16! and~19!,
the minimization of Eq.~20! is significantly more time con-
suming. A comparison between the two measures,^D i j & j and
d i

min , is given in the following section.

III. APPLICATIONS

A. Isotropic distribution of alignments

We first consider the idealized situation of dipolar co
plings obtained for an isotropic distribution of alignmen
The covariance matrixCiso is then given by Eqs.~8! and
~10!. The PRIMA method is first tested for a set of random
selected unit vectors and then for vector orientations
tracted from protein structures.

1. Randomly distributed vectors

First, random orientations were generated for 100 v
tors. For each set of vectors, the covariance matrixCiso was
constructed using Eq.~8!. A principal component analysis
was applied to the covariance matrix. 95 of the 100 eig
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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Downloaded 23 Ja
TABLE I. D measure for random sets of vectors with isotropically distributed alignment media.

Number of vectors 100 500 1000 2000 3000 700a

^D&6sD (deg) 5.3464.39 4.0263.07 3.2762.54 3.6562.98 3.3462.32 1.0160.89
Dmin2Dmax(deg) 0.00–71.86 0.00–24.24 0.00–13.68 0.00–16.27 0.00–11.42 0.00–
Condition number̂ c& 2.17 1.70 1.71 1.56 1.53 2.77

aDistribution of 700 nearly isotropically distributed vectors taken from Ref. 20.
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values can be considered as zero, within numerical precis
since they are at least a factor of 1015 smaller than the larges
five eigenvalues. Therefore, the covariance matrix is hig
singular and we will focus on the nonzero eigenvalues
their eigenvectors.

The condition number averaged over 100 runs using
ferent sets of random vectors isc5l5 /l152.1760.27. The
vector orientations were reconstructed by the procedure
scribed in Sec. II D. A nonlinear least-squares minimizat
was applied for each vector using five different random
chosen initial values for (u i ,w i). The average angular devia
tion and its standard deviation is^D&55.34°64.39°. A con-
trol calculation, where the original vectors are compared
other sets of randomly chosen vectors, gives^D&525.08°
60.33°, which corresponds to the^D& value for two uncor-
related sets of vectors.

The dependence of̂D& on the number of vectors wa
examined forN5100, 500, 1000, 2000, and 3000 with th
results presented in Table I. The results forN5100 are av-
eraged over 100 runs and forN5500 over 10 runs. For in-
creasingN, ^D& decreases from 5.34° to 3.34°. Also given a
the minimal and maximal deviationsDmin and Dmax. While
Dmin is close to zero in all cases,Dmax drops from 71.86° for
N5100 to 11.42° forN53000. Thus, both the average an
the width of theD distribution decrease with an increasin
number of vectors. The approachment of^D& toward zero for
increasingN is slow. The average condition number^c& is
correlated witĥ D& (r 50.93), whereas the correlation esse
tially disappears whenc is compared witĥD& for individual
runs. When the method is applied to 700 vectors that
nearly isotropically oriented using the SHREWD method22

the ^D& value drops to 1.01° indicating that a notably acc
rate reconstruction can be obtained for a highly uniform d
tribution of vector orientations~Table I!.

2. Internuclear vectors extracted from protein
structures

Next, the PRIMA method is applied to internuclear ve
tors extracted from the 3D structure of the 76-amino a
protein ubiquitin. For this system, dipolar couplings are m
surable, for example, in the form of residual dipolar co
plings using HNCO-type NMR experiments,9,23,24which al-
n 2007 to 128.186.12.53. Redistribution subject to AIP
n,
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f-

e-
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low one to collect orientational information on Ci 21
a – Ci 218 ,

Ci 218 – Ni , and Ni – Hi
N vectors that belong to the peptid

plane connecting amino acidsi 21 andi. Using this experi-
mental scheme, RDC data are available for all residues
cept for prolines and the N-terminal residue leading to a to
of 33725216 backbone Ca – C8, C8–N, and N–H vectors.
These vectors were extracted from the NMR structure
ubiquitin @PDB code 1D3Z ~Ref. 25!#. Application of the
method to these vectors and subsets thereof yields^D& values
between 4°–6°~Table II!. While the condition numberc de-
creases when more vectors are included,^D& does not follow
this trend.

The PRIMA method was applied to five other protei
covering a molecular weight range of 8.5 to 40.7 kDa. T
selected proteins, which contain variable amounts ofa-helix
and b-sheet secondary structures, are Gaip@1CMZ ~Ref.
26!#, CenC@1ULO ~Ref. 27!#, myoglobin@1MYF ~Ref. 28!#,
cutinase @1CEX ~Ref. 29!# and maltose-binding protein
~MBP! @1EZP ~Ref. 17!#. Gaip and myoglobin are helica
proteins whereas CenC is predominantlyb-sheet. The other
proteins display botha-helices andb-sheets. The results
which are summarized in Table III, indicate that^D& values
cover the range between 4°–6°, i.e., they vary only little
these widely differing proteins. The correlation between p
tein size,^D&, andc is weak; the largest protein~MBP! has
the smallest^D& ~^D&54.13°! and the smallest condition
number (c51.21), while the protein with the largest cond
tion number, CenC, is not the one with the largest differen
^D&. The results of Table III indicate that the PRIMA reco
struction procedure is robust and reasonably accurate for
tein systems in case the number of available alignment
sufficiently large.

B. Discrete sets of alignments

In practice, experimental data can be gathered only fo
limited number of different alignment tensors that may n
be isotropically distributed. Nonuniform sampling of tens
orientations is expected to lead to systematic errors for
reconstruction of dipolar vectors. From an experimental p
spective, it is conceivable to measure RDCs for ten or m
different alignments.30 Two cases involving 6 and 10
TABLE II. D measure for backbone vectors of ubiquitin with isotropically distributed alignment media.

Type of vectors N–H C8–N Ca – C8 All

Number of vectors 72 72 72 216
^D&6sD (deg) 5.9464.66 4.3863.71 5.1563.61 5.7964.73
Dmin2Dmax(deg) 0.01–22.18 0.00–19.88 0.00–18.81 0.00–27.92
Condition numberc 3.00 1.80 2.19 1.26
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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alignment tensors, respectively, are analyzed in more de
The Da values were set to 10 Hz and the rhombicityR was
set to either 0, 1/3, or 2/3. The PRIMA analysis and rec
struction procedure was applied to a system consisting
100 randomly oriented internuclear vectors. As for the i
tropic alignment distribution case, only five eigenvalues
nonzero within numerical precision. The results were av
aged over 20 sets of randomly distributed alignment ten
orientations and they are given in Table IV.

When the number of alignments is increased from 6
10 the^D& value improves~decreases! by almost 30%. The
rhombicity R plays a minor role, sincêD& changes only
marginally forRÞ0. Addition of 5% Gaussian random nois
to the dipolar couplings leaves the results virtually u
changed indicating that the method is insensitive to mod
ately small experimental errors.

The vector orientations generated for Table IV were a
lyzed in terms ofd i

min angles, which give the angular diffe
ence between the reconstructed direction and the origina
rection in an optimized frame as explained in Sec. II E.
Fig. 1, d i

min is plotted vs^D i j & j , where ^D i j & j denotes the
average of the internuclear anglesD i j between vectorei8 and
the other 99 vectorsej8 ( j Þ i ). It shows that the two mea
sures exhibit a common trend despite the fact that for a gi
^D i j & j the distribution of thed i

min values has a considerab
width. For 3° intervals inD the median ofd i

min , ^d i
min&med, is

plotted in Fig. 1~filled circles!. The dependence of^d i
min&med

on ^D i j & j follows in good approximation the power law

^d i
min&med50.7636•^D i j & j

1.2381, ~21!

which is indicated in Fig. 1 as a solid line. Thed i
min-angle

distributions are illustrated in Fig. 2 in the form of histo
grams for selected̂D i j & j values@Eq. ~19!# that fall into the
intervals ^D i j & jP@4.5°,5.5°#, ^D i j & jP@9°,11°#, and ^D i j & j

TABLE III. D measure for different proteins.

Protein Number of vectorsa
^D&6sD

~deg!
Condition
numberc

Ubiquitin 216 5.7964.73 1.26
Gaip 363 4.2963.36 1.25
CenC 423 5.5764.53 1.33
Myoglobin 444 5.3764.57 1.26
Cutinase 561 4.4063.35 1.27
MBP 1044 4.1362.88 1.21

aAll Ca – C8, C8–N, and N–H vectors were used except for proline resid
and the N-terminus.
Downloaded 23 Jan 2007 to 128.186.12.53. Redistribution subject to AIP
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P@13.5°,16.5°#. As can be seen in Fig. 2, for all three hi
tograms the median̂d i

min&medis within 1° of the maximum of
the distribution.

In solid-state NMR it can be of advantage to reduce
number of interactions together with the corresponding li
widths by selective labeling strategies. On the other hand
the solid state the alignment can be controlled more ea
than in partially oriented systems and experiments can
performed for a larger number of different alignments. F
example, if 50 different alignments distributed nearly isotr
pically using orientations from Ref. 22 and only 20 rando
vectors are used, one obtains^D&510.43°68.44° where the
average and the standard deviation were determined u
100 different runs.

If the 72 backbone N–H vector orientations of ubiquit
are chosen instead of a randomly oriented set of vectors
^D& value is for 6 alignments about 13.4°, i.e., slightly high
than for the random vector set~Table V!. The values in Table
V were determined by averaging over 20 randomly cho
sets of, tensor orientations. Interestingly, PRIMA reconstr
tion works almost equally well if only five alignments ar
used, despite the fact that the covariance matrix has in
case only four nonzero eigenvalues. For 50 randomly
lected alignments one finds^D&>6°, which is very similar to

s

FIG. 1. Relationship between the two orientational difference measuresd i
min

and ^D i j & j explained in Sec. II E for the calculations summarized in Ta
IV. The PRIMA analysis was applied to dipolar couplings of 100 random
oriented internuclear vectors for 6 or 10 different alignments. The co
spondence between the median^d i

min&med and ^D i j & j ~filled circles! follows
the power-law of Eq.~21! ~solid line!.
TABLE IV. D measure for random sets of 100 vectors for a finite set of alignment tensors.

Number of
alignments Six alignments Ten alignments

Noise No noise No noise 5% noise

RhombicityR 0 1/3 2/3 0 1/3 2/3 1/3

^D&6sD (deg) 12.98610.85 12.48610.50 12.87610.91 9.4567.89 9.0067.40 9.1567.57 9.1067.53
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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^D& obtained for the continuous and isotropic alignment d
tribution case of Table II.

IV. DISCUSSION AND CONCLUSION

In recent years the use of dipolar couplings and ot
rank 2 tensor interactions for the structural characteriza
of macromolecules has become increasingly popular du
new methods to partially orient such systems and due
progress in NMR pulse sequence design. In liquid-state
plications dipolar coupling information is mostly used
combination with other NMR parameters, such as NOEs
scalarJ couplings, and an underlying molecular force field
refine a 3D structural model.

The PRIMA method presented here differs from oth
approaches because it requires neither knowledge of a
ment tensors nor other experimental constraints. It allows
direct establishment of 3D vector orientations from expe
mental couplings in the absence of a molecular force fi

FIG. 2. Histogram representations ofd i
min values with bin size of 0.6° for

selected ranges of̂D i j & j of Fig. 1: for panel~a! ^D i j & jP@4.5°,5.5°#, for
panel ~b! ^D i j & jP@9°,11°#, and for panel~c! ^D i j & jP@14.5°,16.5°#. The
arithmetic averageŝd i

min& are indicated as gray bars, the medians^d i
min&med

as black bars, and the maxima of the distributions (d i
min)max as hatched bars

The numerical values for panels a, b, and c are as follows:^d i
min&54.7°

62.4°, 13.0°69.0°, 23.3°613.4°; ^d i
min&med54.5°, 11.9°, 20.7°, (d i

min)max

53.9°, 12.9°, 20.7°.

TABLE V. Application to 72 N–H vectors of ubiquitin for variable numbe
of alignments withR51/3.

Number of
alignments 5 alignments 6 alignments 50 alignmen

^D&6sD (deg) 14.19612.02 13.40611.01 5.9764.94
Condition numberc infinity 266769630 4.1361.08
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and any knowledge of the covalent bonding properties of
molecule. In this regard, this approach can be viewed as
orientational analog of the distance geometry method.31 In
fact, distance geometry can be formulated in terms of a p
cipal component analysis of the rank 1 covariance matrix
an isotropically distributed molecular ensemble.32 The
PRIMA method fundamentally differs from the ‘‘metri
method’’33 used in solid-state NMR for the determination
polypeptide backbone structures, which primarily relies
the determinant propertyuM u50 of the metric matrix of rank
1 with elementsMi j 5ei•ej for any set of four vectors.

To achieve good accuracy dipolar couplings collected
a larger number of alignments are required. The meth
gives the best results for macromolecular systems that
sess many different dipolar interactions that are homo
neously distributed together with alignments that are as u
formly distributed as possible. If a very high resolutio
structure is required, further refinement of the orientatio
can be achieved by fitting theM alignment tensors andN
vector orientations directly to theM•N experimental cou-
plings. Due to the high dimensionality and the nonline
character of this optimization problem, the availability of
good initial model generated by the PRIMA method will b
beneficial.
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