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Reconstruction of interatomic vectors by principle component analysis
of nuclear magnetic resonance data in multiple alignments
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A general method is presented for the reconstruction of interatomic vector orientations from nuclear
magnetic resonanceNMR) spectroscopic data of tensor interactions of rank 2, such as dipolar
coupling and chemical shielding anisotropy interactions, in solids and partially aligned liquid-state
systems. The method, called PRIMA, is based on a principal component analysis of the covariance
matrix of the NMR parameters collected for multiple alignments. The five nonzero eigenvalues and
their eigenvectors efficiently allow the approximate reconstruction of the vector orientations of the
underlying interactions. The method is demonstrated for an isotropic distribution of sample
orientations as well as for finite sets of orientations and internuclear vectors encountered in protein
systems. ©2002 American Institute of Physic§DOI: 10.1063/1.1485727

I. INTRODUCTION We present here a general and efficient method for the

| . conversion of orientational tensor information of rank 2 col-
Nuclear magnetic resonan¢biMR) Spectroscopy pro- |ociaqd for different alignments in the solid state or liquid

vides unique structural information on aligned and p""rti""”ystate into three-dimensional intramolecular vector orienta-
glig_ned ma(l:rc1>2molecular systems in the solid stgte and in,thﬁons. The method is based on a principle component analysis
Ilqwd state.” There are many ways to achieve Spat'alof the covariance matrix of the interactions at different sites
alignment such as by crysltall'lzanon, 'by the presence of aRvaluated over multiple alignments. Diagonalization of the
external magnetlc or electric field, by |mbeFid|ng of the MaC-matrix yields five eigenvectors with nonzero eigenvalues that
romolecules in a bilayer or an anisotropic gel, or by theca pe converted into three-dimensional vector orientations.
presence of a liquid crystalline environment” Structural e mathod is demonstrated for sets of randomly oriented

information is encoded in the magnitudes of anisotropic iNyactors as well as sets of internuclear vectors extracted from
teractions of rank 2, such as the dipolar interaction, chemlcaéD protein structures

shielding anisotropy, and the nuclear quadrupolar interaction,
which depend on the orientation of the interaction with re-
spect to the external magnetic fiéld.
Unfortunately, the generation of a three-dimensionalll- METHOD
(3D) structure from such data is not straightforward. A stan-a_ General
dard procedure starts with the measurement of couplings or . o _
shieldings that belong to the same rigid molecular fragment ' the following we focus on magnetic dipole—dipole
from which a discrete set of orientations can be derived thatPuPlings. Other anisotropic interactions such as chemical

are compatible with the experimental d&tahe degeneracy shielding a_nisotropy and nuclear quadrupolar interagtion _can
of allowed fragment orientations can be reduced by collect?® réated in a fully analogous way. An ensemble of identical

ing additional data with the sample being differentially Molecules in the presence of a strong magnetic figjds
aligned with respect to the external magnetic field. In theconsidered where each molecule Masheteronuclear spin
case of solid-state NMR the overall orientation can bel/2 Pairs (S) with a fixed internuclear distanags. For a
changed by tilting the sample whereas in liquid-state NMRgiven overall alignmenk the orientations of the internuclear
K) /: .

the alignment tensor can be modified by altering or by re_vgctorsq( ) (i=1,...N) with respect to the laboratory frame
placing the alignment medium. Oriented molecular frag-W'(tB the %k?ms(kg)arallel toB, are defined by the polar angles
ments can be assembled into larger structures using bon&i = (6™, ¢i™). For a static system with a fixed overall
angle restricons at the interface as additionajorientation(alignmenj, such as a single crystal, the secular

conformational constrainfé® These structures serve as Part of the magnetic dipole—dipole Hamiltonian is givert by

starting points for structural refinement procedures using mo- po h N

lecular force field-based simulated annealing schemes often . 7(¥= — Y e (R ,’332 P,(cost¥)21,S,, (1)

in combination with other NMR-derived constraints such as =1

nuclear overhauser enhancemeriOES and scalarJ  where u, is the magnetic field constartt,is Planck’s con-

li 7,9,10,14-19 . . . .

couplings. stant,y, andyg are the gyromagnetic ratios of spin spedies
and S and P,(x)=(3x?—1)/2 is the Legendre polynomial

dAuthor to whom correspondence should be addressed; electronic maif?_f rank 2. This Hamiltonian causes a resonance splitting of
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A alignment on the dipolar couplings can be expressed using
D{¥=dP,(cost)=d\/ = Yool 6) (2)  the well-known relationships of spherical harmonics under
3D rotationsR(«,8,7) defined by the three Euler anglesg,
where and y: 20
__lmh 3 (2)
d=-— WEZW nyst IS R(“!B!Y)YZM(Q):E DM’M(avBIV)YZM’(Q)- (6)
M/

has units of Hz. If the alignment tensor is related to the alignment tenskr

For a system that is partially oriented, for example du M
to the presence of a liquid-crystalline environment, the dlpoe?;:rfgg g;tzt;)c;rr;ﬁ% ’[é;’()G)t?g I(Ej:]pc()llar coupling®;” are ob-

lar couplings are partially averaged by fast overall reorienta-
tional Brownian motions leading to residual dipolar cou- | A ) )
plings (RDCS that can be described by a symmetric and  D{’=D, ?[E Diro( . 8, 7)Y am ()
traceless alignment tensbr (in units of H2 with eigenval- M

ues Dyy, Dy, D,;, where|D,]=|D,,|=|Dy,. In the 3 ) )
eigenframe of tensob® the residual dipolar coupling be- + gR[% Dia( e, 8,7)Yam ()
tween spind and S can be expressed as

D' =D{{3 cod 6/~ 1+ §RY sin? ¢ coszp§k>}.(3) + 2 DI (a,8,7)Y3u(Q1) ] (7)

where D¥=D{/2 is the axial component an@¥=2/3 Insertion of Eq.(7) into Eq. (5) followed by analytical inte-
-(D®- ("))/D(k) is the rhombicity ofD® with 0<R®  gration over the Euler angles yields

<2/3. Q(k)—(o(k) o) is the direction of internuclear vec- o 2 4 30

tor €. For what follows it is convenient to express the Cii=DzA1+R)Pa(e-6), ®)
residual dipolar couplings of Eq3) by normalized second where (Y (Q))iso* S da sinBdBdy You(Q)=0 and the or-

order spherical harmonic functios(6,¢): thonormality relationship of Wigner matrix elemeffts
(_p /37 0 k) )
Di=Dy; V&5 Yool 67 0i™) 8 2fdasde,deD,\,l,N,(a/8 y)DMnN//(a,ﬂ,y)

3
+ \/%R(k)[Yﬂ(ei(k ’(IDI )+Y 2(0i(k ’qD' )]

1
:§5M’M”5N’N” (9)

(4 were used. In the solid-state case one obtains in full analogy:
Except for an overall scaling factor, the solid-state case of iso_ 42
Eq. (2) is contained in Eq(4) by settingR®=0. Cij =d°Pa(&-§). (10

. . . . D. Reconstruction of dipolar vectors
B. Covariance matrix of dipolar couplings

Directional information about the internuclear vecters
can be extracted from covariance matfx(or C°) after
performing a principal component analysis:

The NXN covariance matrixC of dipolar couplings or
RDCs measured fo different alignments can be calcu-
lated according to

M Cla)=Xgla), (11
- (k) _ (k) _
Cij= M—1& Wi (D= (D) (D" —(Dj), where|q) are theN normalized eigenvectors ang, are the
o corresponding eigenvalues. The eigenvalues fukij=0
L,j=1,...N, 5 and in case the shape of the molecule does not depend on the

alignment at most five eigenvalues differ from zero. We as-
sume in the following that the eigenvalues are sorted in size
with the largest eigenvalue being; and the smallest non-
zero eigenvalue being,. The distribution of orientations
directly affects the magnitudes of the five largest eigenval-
ues. The condition number is defined as the ratio of the
largest to the smallest nonzero eigenvalte \g/\ 1.
From the five nonzero eigenvalues and their eigenvec-
C. Isotropic distribution of alignment media tors|1),...)5) aNx 5 matrix A is constructed with elements

where(D),=1/M3=} DM is the average of the couplings
D® measured foM alignhments andv,=0 is the relative
weight of the dipolar couplings of alignmerik These
weights can be adjusted to take into account differe )
values and different noise levels. For the theoretical ex-
amples discussed below thg are set to 1.

In the idealized case of an isotropic distribution of align- _ . _
Ag= i, 1=1,..N, =1,.,5 12
ments with fixed axial and rhombic componerids, andR, a 0= gl N d (12
simple analytical expression can be found for the elements offhere|q); is theith element of eigenvectdr). The infor-
covariance matrixC=C"°. The effect of a change of the mation of the direction of vectog is encoded in the five
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matrix elements of thé&h row. Each of the five elements is Ajj =|[cos*1|(e~ej)|—cos*1|(e’ -ej’)|]| €[0°,90°].
considered to correspond to the real or imaginary part of the (15)
spherical harmonics of rank 2 evaluated in a molecular fram

. . . A measure for the discrepancy between the two sets of vec-
that is the same for all vectors, i.e., all rows:

torse ande is the angle difference averaged overM(IN

A 1 5 —1)/2 angles:
A=\ 5 d2=53z~1),

2
Ay=——"7""—"7=2> A, 16
= TR (16
Air= ?dlx: \/§zixi ’ where(A) is zero if the original and the reconstructed direc-
tions are identical, otherwisg@\)>0.

AT Other quantities that will be used in Sec. lll are the
Ais= \ 5 dzy= V3zy, 13 standard deviatiowr, of the A;; values:
1/2
[am V3 B (A}
A=\ 5 e-ye=— (XX YP), 7a N(N—l)/2—1i2<j (A =(A) (7
yp and the maximal and minimal values 4f;, respectively,
Ais=\ 5 txy= V3%, Ama=Max{ Ay} and Apyy=min{A;;}. (18)

It is useful to define for a given vectorthe average of

wherex;, y;, andz are the Cartesian coordinates of unit TR S
Ajj for all N—1 vector pairsgj with j #i:

vectoreg :
. . . 1
Q:(Xivyilzi):(COS(Pi Slnei:SIn(Pi S|n0i,COSHi). (14) <A|J>J=mz A'] . (19)
—1&
For each vectoe a best estimat® can be obtained by . o
fitting (6;,¢;) to the five elements, . This can be done by The quality of the reconstructed vectors can also be as-

a grid search ovem;,¢; values or by a nonlinear least- sessed_by directly superimposing them on the originel vec-

squares minimization with respect 8, ¢; . Because the as- tors. Since the two structures are expressed in dlfferent

signment of the five largest eigenvectors to the spherical haffames, the two frames need to be first aligned by applying a

monics is not known, each of the-5120 permutations has 3D rotation defined by the Euler angles, 8', andy’ that

to be tested. In addition, becautg) and —|qg) are both ~Minimizes the penalty function

eigenvectors to the same eigenvalyg the absolute sign of N

the eigenvectory) is unknown. Therefore, all2=32 pos- x2=2> [sinsi(a’,B',y)1% (20

sible sign combinations have to be considered. The ¢;) =1

direction that yields the best agreement for any of the 12Quhere §; is the angle between vectoesand g . The Euler

% 32=3840 combinations represents the best estimate for anglesa’, 8/, andy’ are determined by a nonlinear least-

For each row of matriXA the best fitting vectog| of Eq.  squares optimization¢? is zero if the original and the recon-

(14) can be individually determined. Because each of thestructed directions are identical, otherwise it is larger than

3840 fits includes only two fitting parameter, and ¢/ , it zero. While the optimized, values,5™", provide a more

can be carried out very efficiently. In the following the direct assessment of the differences between original and re-

method is referred to as principal component analysis otonstructed vectors than the measures of Etf).and(19),

multiple alignment datdPRIMA). the minimization of Eq(20) is significantly more time con-

It follows directly from Eq.(13) that for each vectog’  suming. A comparison between the two measufas); and

its inversion—e' fits equally well. Hence, the PRIMA pro- ™", is given in the following section.

cedure yields orientations of internuclear vectors rather than

absolute directions, which is a direct consequence of the fagl; AppLICATIONS

that rank 2 interactions are invariant under inversion. This is o _

also manifested in the mathematical form of the isotropic”: Sotropic distribution of alignments

covariances of Eqg8) and (10), which are proportional to We first consider the idealized situation of dipolar cou-

3(e-¢)*—1 and, therefore, invariant under inversion of ei- plings obtained for an isotropic distribution of alignments.

ther one or both directiong ande;. The covariance matrixC'° is then given by Eqs(8) and
(10). The PRIMA method is first tested for a set of randomly
selected unit vectors and then for vector orientations ex-

E. Comparison of original and reconstructed vectors tracted from protein structures.

A simple way for assessing the overall agreement bed- Randomly distributed vectors
tween the original and the reconstructed vectors is by taking  First, random orientations were generated for 100 vec-
the difference of the angles between two original vectrs tors. For each set of vectors, the covariance ma@Hf was
and g and the corresponding reconstructed vectrand  constructed using Eq8). A principal component analysis

e was applied to the covariance matrix. 95 of the 100 eigen-

i -

Downloaded 23 Jan 2007 to 128.186.12.53. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



J. Chem. Phys., Vol. 117, No. 3, 15 July 2002 Reconstruction of interatomic vectors by NMR 1169

TABLE I. A measure for random sets of vectors with isotropically distributed alignment media.

Number of vectors 100 500 1000 2000 3000 00
(A) £ 0, (deg) 5.34-4.39 4.02£3.07 3.27#2.54 3.65-2.98 3.34:2.32 1.010.89
A min—Amax (deg) 0.00-71.86 0.00-24.24 0.00-13.68 0.00-16.27 0.00-11.42 0.00-4.67
Condition numbekc) 217 1.70 1.71 1.56 1.53 2.77

@Distribution of 700 nearly isotropically distributed vectors taken from Ref. 20.

values can be considered as zero, within numerical precisioflew one to collect orientational information orf'G-C/_,
since they are at least a factor of't@maller than the largest c/_;-N;, and N_HiN vectors that belong to the peptide
five eigenvalues. Therefore, the covariance matrix is highlyplane connecting amino acidls- 1 andi. Using this experi-
singular and we will focus on the nonzero eigenvalues anghental scheme, RDC data are available for all residues ex-
their eigenvectors. cept for prolines and the N-terminal residue leading to a total
The condition number averaged over 100 runs using difpf 3% 72=216 backbone G-C’, C'—N, and N—H vectors.
ferent sets of random vectorsds=A5/\;=2.17+0.27. The  These vectors were extracted from the NMR structure of
vector orientations were reconstructed by the procedure d%iquitin [PDB code D3Z (Ref. 25]. Application of the
scribed in Sec. 11 D. A nonlinear least-squares minimizationmethod to these vectors and subsets thereof yidlpisalues
was applied for each vector using five different randomlypetween 4°—6¢Table Il). While the condition numbet de-
chosen initial values ford;, ¢;). The average angular devia- creases when more vectors are includéd,does not follow
tion and its standard deviation {4)=5.34°+4.39°. A con-  this trend.
trol calculation, where the original vectors are compared t0  The PRIMA method was applied to five other proteins
other sets of randomly chosen vectors, giV&$=25.08°  covering a molecular weight range of 8.5 to 40.7 kDa. The
+0.33°, which corresponds to ti{&) value for two uncor-  selected proteins, which contain variable amounts-bklix
related sets of vectors. and B-sheet secondary structures, are GEICMZ (Ref.
The dependence dfA) on the number of vectors was 26)], CenC[1ULO (Ref. 27], myoglobin[IMYF (Ref. 28],
examined forN=100, 500, 1000, 2000, and 3000 with the cutinase [1CEX (Ref 29] and ma|tose_binding protein
results presented in Table I. The results o= 100 are av-  (MBP) [1EZP (Ref. 17)]. Gaip and myoglobin are helical
eraged over 100 runs and fbf=500 over 10 runs. For in- proteins whereas CenC is predominanggheet. The other
creasing\, (A) decreases from 5.34° to 3.34°. Also given areproteins display bothx-helices andg-sheets. The results,
the minimal and maximal deviations,, and Aa. While  which are summarized in Table IlI, indicate tha) values
Apin is close to zero in all cases,na drops from 71.86° for  cover the range between 4°—6°, i.e., they vary only little for
N=100 to 11.42° foN=3000. Thus, both the average and these widely differing proteins. The correlation between pro-
the width of theA distribution decrease with an increasing tein size,(A), andc is weak; the largest proteitMBP) has
number of vectors. The approachmentaf toward zero for  the smallest(A) ((A)=4.139 and the smallest condition
increasingN is slow. The average condition numb@) is  number ¢=1.21), while the protein with the largest condi-
correlated with(A) (r =0.93), whereas the correlation essen-tion number, CenC, is not the one with the largest difference
tially disappears when is compared witi{A) for individual  (A). The results of Table Il indicate that the PRIMA recon-
runs. When the method is applied to 700 vectors that argtruction procedure is robust and reasonably accurate for pro-

nearly isotropically oriented using the SHREWD metffod tein systems in case the number of available alignments is
the (A) value drops to 1.01° indicating that a notably accu-syfficiently large.

rate reconstruction can be obtained for a highly uniform dis-

tribution of vector orientationg§Table |). ) _
B. Discrete sets of alignments

2. Internuclear vectors extracted from protein In practice, experimental data can be gathered only for a
structures limited number of different alignment tensors that may not
Next, the PRIMA method is applied to internuclear vec-be isotropically distributed. Nonuniform sampling of tensor
tors extracted from the 3D structure of the 76-amino acidorientations is expected to lead to systematic errors for the
protein ubiquitin. For this system, dipolar couplings are mea+econstruction of dipolar vectors. From an experimental per-
surable, for example, in the form of residual dipolar cou-spective, it is conceivable to measure RDCs for ten or more
plings using HNCO-type NMR experimerité>?*which al-  different alignments’ Two cases involving 6 and 10

TABLE II. A measure for backbone vectors of ubiquitin with isotropically distributed alignment media.

Type of vectors N-H G-N c*-C All
Number of vectors 72 72 72 216
(AY* o, (deg) 5.94-4.66 4.38-3.71 5.15-3.61 5.7%4.73
A min—Anax (deg) 0.01-22.18 0.00-19.88 0.00-18.81 0.00-27.92
Condition numberc 3.00 1.80 2.19 1.26
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TABLE Ill. A measure for different proteins. 60
(AY*xo, Condition d
Protein Number of vectofs (deg numberc 50 1
Ubiquitin 216 5.7%4.73 1.26
Gaip 363 4.29:3.36 1.25 = 40 1
CenC 423 5.574.53 1.33 3
Myoglobin 444 5.37%4.57 1.26 = 304
Cutinase 561 4.4063.35 1.27 <
MBP 1044 4.132.88 1.21 E_
“© 20
8All C*—~C’, C'=N, and N—H vectors were used except for proline residues
and the N-terminus.
104
. . . . 0 y y
alignment tensors, respectively, are analyzed in more detail 0 10 20 30
The D, values were set to 10 Hz and the rhombidRyvas (Ajp);  (deg)

j
set to either 0, 1/3, or 2/3. The PRIMA analysis and recon-

struction procedure was applied to a system Consisting OfIG. 1. Relationship between the two orientational difference mea@{]‘l"és
100 randomly oriented internuclear vectors. As for the iso_and(Aij)j explained in_ Sec. IIE f_or the c.alculations _summarized in Table

. . s . . IV. The PRIMA analysis was applied to dipolar couplings of 100 randomly
tropic alignment distribution case, only five eigenvalues Al%riented internuclear vectors for 6 or 10 different alignments. The corre-
nonzero within numerical prECiSion. The results were aVerspondence between the medKaﬁ”in>med and<Aij>j (filled circles follows
aged over 20 sets of randomly distributed alignment tensathe power-law of Eq(21) (solid ling).
orientations and they are given in Table IV.

When the number of alignments is increased from 6 to
10 the(A) value improveddecreasesby almost 30%. The
rhombicity R plays a minor role, sinc€A) changes only €[13.5°,16.59. As can be seen in Fig. 2, for all three his-
marginally forR+ 0. Addition of 5% Gaussian random noise tograms the media(¥|"")eqis Within 1° of the maximum of
to the dipolar couplings leaves the results virtually un-the distribution.
changed indicating that the method is insensitive to moder- In solid-state NMR it can be of advantage to reduce the
ately small experimental errors. number of interactions together with the corresponding line-

The vector orientations generated for Table IV were anawidths by selective labeling strategies. On the other hand, in
lyzed in terms ofs!"" angles, which give the angular differ- the solid state the alignment can be controlled more easily
ence between the reconstructed direction and the original dthan in partially oriented systems and experiments can be
rection in an optimized frame as explained in Sec. Il E. Inperformed for a larger number of different alignments. For
Fig. 1, 5" is plotted vs(A;;);, where(A;;); denotes the example, if 50 different alignments distributed nearly isotro-
average of the internuclear angleg between vectog' and  pically using orientations from Ref. 22 and only 20 random
the other 99 vectorej’ (j#1i). It shows that the two mea- vectors are used, one obtais)=10.43-8.44° where the
sures exhibit a common trend despite the fact that for a giveaverage and the standard deviation were determined using
(Ajj); the distribution of thes™" values has a considerable 100 different runs.

width. For 3° intervals in\ the median o™, (6™ eq, iS If the 72 backbone N—H vector orientations of ubiquitin
plotted in Fig. 1(filled circles. The dependence ¢B"").q are chosen instead of a randomly oriented set of vectors, the
on (4;;); follows in good approximation the power law (A) value is for 6 alignments about 13.4°, i.e., slightly higher
than for the random vector s€fable V). The values in Table
(O™ meq=0.7636 (A ;)1 %, (21)  V were determined by averaging over 20 randomly chosen

_ sets of, tensor orientations. Interestingly, PRIMA reconstruc-
which is indicated in Fig. 1 as a solid line. TH{"™-angle  tion works almost equally well if only five alignments are
distributions are illustrated in Fig. 2 in the form of histo- used, despite the fact that the covariance matrix has in this
grams for selectedA;;); values[Eq. (19)] that fall into the  case only four nonzero eigenvalues. For 50 randomly se-
intervals (Aj;); €[4.5°,5.5%, (Aj;);€[9°,11°], and(Aj;);  lected alignments one finda)=6°, which is very similar to

TABLE IV. A measure for random sets of 100 vectors for a finite set of alignment tensors.

Number of

alignments Six alignments Ten alignments

Noise No noise No noise 5% noise
Rhombicity R 0 1/3 2/3 0 1/3 2/3 1/3

(AY*xo, (deg) 12.98:10.85 12.4810.50 12.8%210.91 9.45:7.89 9.00-7.40 9.15-7.57 9.10-7.53
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a 600 . and any knowledge of the covalent bonding properties of the
5001 [ molecule. In this regard, this approach can be viewed as the
@ 400 orientational analog of the distance geometry mettold.
§ 300 fact, distance geometry can be formulated in terms of a prin-
° 0 cipal component analysis of the rank 1 covariance matrix of
100 an isotropically distributed molecular ensemffeThe
PRIMA method fundamentally differs from the “metric
b 1750 method™® used in solid-state NMR for the determination of
1500 polypeptide backbone structures, which primarily relies on
2 :(2)28 the determinant properij|=0 of the metric matrix of rank
2 1 with elementsM;; =g - g for any set of four vectors.
© 7% To achieve good accuracy dipolar couplings collected for
zgg a larger number of alignments are required. The method
900 gives the best results for macromolecular systems that pos-
c 750 sess many different dipolar interactions that are homoge-
neously distributed together with alignments that are as uni-
£ 600 formly distributed as possible. If a very high resolution
g 0 structure is required, further refinement of the orientations
300 can be achieved by fitting thil alignment tensors antl
150 vector orientations directly to th#-N experimental cou-
plings. Due to the high dimensionality and the nonlinear

0 5 1 mﬁ 20 25 30 3 character of this optimization problem, the availability of a
8

i (deg) good initial model generated by the PRIMA method will be
v beneficial.
FIG. 2. Histogram representations 8f'" values with bin size of 0.6° for
selected ranges dfA;;); of Fig. 1: for panel(a) (A;;); [4.5°,5.59, for
panel (b) (A;);€[9°,11°], and for panel(c) (A;;);e[14.5°,16.59. The
arithmetic averageés™") are indicated as gray bars, the medidd8" ™. ~ ACKNOWLEDGMENT
as black bars, and the maxima of the distributiof&) .x as hatched bars.
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