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Thermodynamic Interpretation of NMR Relaxation Parameters in Proteins in the Presence
of Motional Correlations

J. J. Prompers and R. Bruschweiler*
Carlson School of Chemistry and Biochemistry, Clark dénsity, Worcester, Massachusetts 01610

Receied: July 22, 2000

It is shown by quasiharmonic analysis that the conformational partition function of a globular protein sampled
on the ns time scale can be factorized in good approximation into a purely reorientational part, which determines
heteronuclear NMR spin relaxation, and a remaining part that includes other types of intramolecular motions.
This factorization provides a statistical mechanical basis for the thermodynamic interpretation of NMR
relaxation parameters of proteins where atomic motions can be significantly correlated. Reorientational entropy
differences between different backbone parts of the globular protein ubiquitin are found to be remarkably
insensitive to motional correlation effects, which in some cases may significantly facilitate the entropic
interpretation of changes of NMR order parameters.

1. Introduction for which experimental order parameters are availambular
proteins possess a densely packed interior and atomic motions
are therefore invariably correlated. Motional correlations can
sensitively affect the statistical mechanical partition function

' and associated thermodynamic quantities. In addition, the
number of spins for which relaxation parameters can be
Yextracted is often restricted, thus motional information is

Despite enormous progress toward increasingly detailed
characterizations of proteins in terms of their average structures
and their dynamics by a variety of experimental methods
including X-ray crystallography, NMR spectroscopy, neutron
scattering, and optical spectroscopic methods, complementar

thermodynamic descriptions involving enthalpy and entropy available for a protein subsystem only. In Appendix A it is

have remained valuable and appeal.lng. While enthalpy primarily analytically shown for a model system how the partition function
depends on the average 3D protein structure, entropy reflects

e i . . . of a subsystem becomes less meaningful if its motion is
the protein’s mobility and its fluctuations. Direct measurements

fth d : tities of proteins by calorimetri thod correlated to other degrees of freedom. In many applications,
orthermodynamic quantities of proteins by calorimetric methods entropy differences rather than absolute entropies are of interest
are possible, but these data do not give detailed insights into

) ; . i and itis less clear how these are affected by correlated dynamics.
spatial and time-scale aspects of protein behavior.

NMR spin rel . 15\ and3C labeled . i An important practical reason for neglecting correlation
spin relaxation 0N an labeled proteins provides  oftacts for data interpretation is the difficulty to derive such
a wealth of information on protein dynamics with atomic

. ; . . information directly from experiment. Detailed information on
resolution! Spatial aspects of motions that affect relaxation

h q t qi correlation effects is currently best derived from realistic
parameters, such as,TT,, and NOE, are often expressed in o qretical models that are molecular-force field based, such as
terms of generalize® order parameterswhere 1— S reflects

; . ) ) . molecular dynamics (MD) computer simulatiohsAn elegant
the spatial motional variance of the lattice functions of the

- R . : method for the extraction of important aspects of correlated
relaxation-active interactiorfsA connection between changes |\ Jvions from MD trajectories is based on quasiharmonic
of order ga[)ame(tjers and cr;angels Ofler.'tmp# hasborlglnally l;’]eenanalysis%zv23 also known as principal component analysis and
propose faseh on_ar:aytlc_a rle atlcansi Ipﬁ ztwee_rg t ﬁseessential dynamic¥.Over recent years, quasiharmonic analysis
quantities for theoretical motional models that describe the ¢ hacome widely recognized as a powerful tool to characterize
mot|qn4of backbone NH atom pairs relative o the rest c.’f the large-amplitude protein motion along low-dimensional sub-
protein? Yang and Kay extended the work to additional g .e25-29 Quasiharmonic analysis is based on the diagonal-

motional models including local NH orlentatlopal d'St_”bUt'onS ization of the covariance matrix of the atomic positions extracted
taken from a molecular dynamics (MD) tra;ecté’rju, Ray- from a structural ensemble, which is typically derived from a
chaudhu.n, anq Wand have proposed a one-dlmen5|onal quantumyp trajectory. From the eigenvalues of the covariance matrix
mechanical vibrator model to transleechanges into entropy  yhq conformational partition function can be evaluated from
change§.Such_a_t_ranslatlon was also derived for the_3D GAF which thermodynamic quantities such as the free energy and
model” These initial reports have spurred numerous investiga- the entropy can be directly determin@_eMaster has used
tions where order parameter changes in polypeptides were ”nkechuasiharmonic analysis in torsion-angle space to describe
to thermodynamic quantities from which biologically valuable correlated dynamics between side chains and the protein

ingi i 20

|nS|gI_1t poqld be gained. ) ) ) ) backboné? In a recent study by Wrabl, Shortle, and Woolf,
A limitation of entropy estimates using this approach is the entropy changes were estimated from changes of backbeie N

neglecting of internal motional correlation effects for the atoms \,actor fluctuations and were compared with the total entropy

change using quasiharmonic analyses for the native and
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of two protein fragments may involve both translation and where prefactoc rendersZ, unit free, but does not affect
reorientation. Since heteronuclear spin relaxation is solely changes of thermodynamic quantities derived fiam, (vide
determined by reorientational motion, we have recently devel- infra). V(|RD is the potential energy function of the protein in
oped a collective axial fluctuation (CAF) mod@llt is based conformation |RC] where RO = |x1, Y1, Z, X2, Y2, 2o, ...,
on the second moment covariance matrix of purely reorienta- X,, yn, z:[Jis a J-dimensional vector in Cartesian space
tional, spin-relaxation active motion extracted from a MD describing a conformation of the protein consistingh@toms
trajectory. When applied to a protein it allows one to prehend and the integral extends over the conformational space accessible
and analyze reorientational motional correlation effects betweento the protein. Note thaR[is represented in a molecular frame,
different protein fragments, such as different peptide planes. i.e., the 6 overall motional degrees of freedom have been
Here, we use this approach in a more general form to removed by reorienting and translating each conformation with
investigate whether a partition function can be defined that is respect to a reference frame.
physically meaningful and that reflects larger scale reorienta- Assuming that the protein dynamics can be adequately
tional motion as manifested in NMR spin relaxation experi- described by the quasiharmonic approximation, its potential
ments. A MD trajectory of ubiquitin is analyzed in terms of a energy can be expressed as a quadratic furfétion
set of second moment covariance matrices. Backbone motion
is divided into spin-relaxation active motions involving re-
orientational dynamics of NH and C-H®* pairs and other types
of motion only involving heavy atoms. From the covariance
matrices probability densities are derived from which effective wherek is Boltzmann’s constan¥/(|R[) explicitly depends on

potential functions are obtained that are quadratic in the the apsolute temperatufle and |ARC= |[RO— |[ROwhere|RCis
molecular coordinates. The corresponding quasiharmonic con-the average structure, indicated by the horizontal bar, over the
formational partition functions can be analytically integrated \ynole structural ensemble. The latter can originate from a
and expressed in terms of the eigenvalues of the covarianceyglecular dynamics (MD) simulation, a Monte Carlo (MC)
matrices. It is shown that the total partition function can be simulation, or NMR structure determination. An estimate for

factorizgd_ in good approx.imation into a reorigntational partand the covariance matriK, whose inverse enters eq 3, is obtained
a remaining part. In this way, a direct link between the fom the structural ensemble

thermodynamic properties derived from the reorientational
partition function, that includes correlation effects, and NMR
relaxation parameters can be established. Finally, the sensitivity

of spin-relaxation based entropy changes to the presence ofI . diatelv foll hak b inaular. i
correlated motion is analyzed. timmediately follows thak becomes singular, i.e., one or more

The remainder of the paper is organized as follows: In eigenvalues are zero, if the number of structures of the ensemble

Section 2, the statistical mechanical theory of reorientational Is smqller than 8. Insertion of €qs 3, 4 into eq .2 yiel.ds,ma .
quasiharmonic dynamics is developed. It is applied in Section reflecting all, i.e., both traqslatlonal and reorientational, in-
3toal.5ns MD trajectory of ubiquitin for two different models tramol_ecular motions. The integral ffif‘"”.a of eq 2 can be
of backbone dynamics. The Conclusion section, 4, is followed a_nalyt|cal!y determined _by transformation into the (orthonqrmal)
by appendices in which basic properties of motional correlations &i9enbasi¢|mi of matrixK, Kjmi= AnmLjand by expanding

and quasiharmonic descriptions are analytically illustrated. JARDiN this bgsi§,|ARD= Z,Tam|m[]with coefficientsan =
[M|ARL Insertion into eq 3 yields

V(R) = '%TMK*HARD (3)

K = |ARTAR| = |[RTR| — |RIR| 4)

2. Theory 4
The theory presented here is concerned with the classical part V(JAR) = k_TZM (5)
of the partition function of a protein to address relative changes 245 Ay

of thermodynamic parameters between different protein states

as probed by heteronuclear spin relaxation experiments. It is hich reflects that the energetic cost for an excursion along
weII-knov_vn that quantur_n-mt_echanlcal zero-point motional ef- mode|mis proportional to the inverse of the eigenvallg It
fects of high-frequency vibrational modes affect absolute values ¢ ows

of thermodynamic quantitiés and NMR relaxation param-
eters32-34 However, the quite uniform behavior of these effects q q
suggests that they are unimportant for the discussion of changes 7 —¢ |—| f d|R@ MARF@I — ¢ |—| @11 )"2 (6)
of thermodynamic and spin relaxation quantities between nra = 1L JIRD S
different states, respectively, and therefore will not be further
addressed here. whereq is the total number of quasiharmonic modes. Using
The classical partition function can be written as the product standard statistical mechanics meth§dsxpressions can be
obtained for the Helmholtz free energy
chass= Zkin'zoverall'zintra (1)

o =V—TS . =—kTInzZ (7)
where Z, represents the kinetic energy part of the partition Ania Sea Zina
function, Zoveran is the partition function belonging to the six
; - nd for the entr
coordinates that specify the center of mass and the overalla d for the entropy
orientation of the molecule, andl, is the classical confor- — VT
. " - N . = +klInz
mational partition function given by the integral over conforma- Sira =V Zinva (8)

tions |RO(denoted in Dirac’s bracket notati . . —
IR o The conformational average of the potential eneMgycan

also be evaluated analytically using Gaussian integration leading

— —V(IR/KT
Ziwa = Cf\Rme diRC @) to the well-known equi-partition principle for the harmonic
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oscillator stating that each mode has an average potential energyy trace formation over 3« 3 submatricegAe,TAg|, i.e.,

equal to the average kinetic energ¥/2.3 Thus,
B 1 1 1
Shira = Ekq +klnc+ Ekq In (27) + EKZInAm 9)

which corresponds to eq 10 of Karplus and KusHik.
We now show how the potential functio(|ARD can be

approximated as a sum of two terms that act on separate
coordinate subspaces. The first term is caused by reorientational
motions that are spin-relaxation active and the second term is
due to all other motion. To illustrate the concept, we divide the

whole protein, or the part of it we are interested in, iNo

internally rigid fragments, such as the peptide bonds along the
protein backbone. The position of the nitrogen atom of peptide

planek is represented by the vectpio= |X, Yk, zJand the
orientation of the peptide plane is defined by three ‘auxiliary’
atoms located at

N L= [N leq B rel= (1ot (8oLl rel= IrglH |egl]
(10)

where|eql] |eql] |eslare three-dimensional orthogonal vectors
of, for example 1 A length. Thus, the total number of atoms is
n = 4N. Since this model captures the fully anisotropic motions
of the peptide planes, it is particularly well-suited for the
combined interpretation of backboA®N and3C' spin relax-
ations1.37.38

Under certain conditions the covariance matixadopts a
form

-]
n

0y

consisting of a partM that is exclusively determined by
reorientational motion of the peptide planes and a Kathat
includes remaining heavy atom motion. Sufficient conditions
for eq 11 are the following:

1. For the position vectorgia[J [rel] [rslgiven in eq 10,
Irolcan be replaced by its ensemble averfgg]

2. The covariances between vectpggCand|rin(m =1, 2,
3) vanish.

MatricesK’ andM can then be expressed as

K" = |ARMARy| (12)

with the 3N-dimensional vectorRARyd= ||r1o0] ..., [rnodd—
11 1oL Ir yoMHand

M = |AellAe| (13)

depending on the 9N-dimensional vectors
|AelE= [lepLllep Ll e ..., [y Ll el ey
llepLllebllest ..., ley L eyl eyl (14)

where the elements of the vectdrsRyand |Aellhave been
suitably sorted. Thel x 9N matrix M is an extension of the
recently proposed collective axial fluctuation (CAF) motfel.
This model, which is a generalization of the 3D GAF mot#,
employs a 81 x 3N matrix with elements defined by the

scalar productAe,|Ag, [that are related to matrix of eq 13

[Ag|Ag = Tr{|Ag,[TAg[}.

The potential energy for a given snapshot can then be
decomposed into a pavtive that belongs taM representing
spin-relaxation active motion and a pager that belongs to
K' representing all other (relaxation-inactive) motions:

V= Vactive + Vother (15)
_KT -1
Vacivd| A€ = 7 TAe[M | Ael] (16)
_ KT -1
Vothev(lARou - 7mRQ|K |ARO|:| (17)

SinceVacivd |Ael) and Vome /AR act on separate coordinate
subspaces, separate partition functidfgive andZothes Can be
defined using equations analogous to eqgs 2, 5, 6, with their
product equal to

Z Z

active’

Z

other

intra — (18)
Thus, thermodynamic quantities, directly related to spin-
relaxation active motions, can be derived fragive Since
thermodynamic quantities derived frocive reflect pure
reorientational motions, we term these quantities “reorientational
free energy”, “reorientational entropy”, etc. The validity of eq
15 will be tested using a MD simulation in the following section.
Changes of conformational entropy between two different
states | and Il of a protein, such as a bound and a free state,
solely depend on the eigenvalues of the matriCei', andM:

1
A, =5 —§= Ekzln(;tll, w1, m) = ASive T ASyiher
(19)

1
Asactive: Sactive, n- Sac:tive, 1= Ekzln(/llll, mm"l, m) (20)

1
ASner= Sotner, 1 ~ Shther,1 = Ekzln(/l”n, A1 m (21)

where 4, A, A" denote the eigenvalues &, M, and K,
respectively. Equation 20 yields the change of entropy reflected
in changes of local reorientational motion as observable by NMR
relaxation spectroscopy.

Mode Selection Criteria. So far, we have not mentioned
whether all modes or only a subset of modes should be included
in egs 5, 6, 16, 17, 1921. Obviously, in the presence of
constraints (fixed bond lengths, fixed bond angles, etc.) the
number of degrees of freedom and thus the number of
independent modes is reduced. The protein backbone model
described above containdl4toms (eq 10). For each of tie
amino acids 3 bond lengths and 3 bond angles are kept fixed.
Thus, the total number of degrees of freedom-#N\3— 6N =
6N. For the reorientational covariance matkikthe number of
degrees of freedom is reduced accordingly fradt® 3N, while
matrix K’ retains the dimension\8 One might expect that both
matricesK andM determined from a MD simulation using eqs
4 and 13 are singular, each withN@igenvalues equal to zero.
However,K andM are generally found to be nonsingular due
to the neglecting of higher order@) correlations present in
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the original MD simulation. The situation is analytically a
illustrated in Appendix B at the example of a quasiharmonic
analysis of a system with one degree of freedom consisting of
two orthogonal vectors exhibiting Gaussian reorientational
motion about an orthogonal axis. As a consequenceX famly

the dominant Bl modes (i.e., the ¥ modes with largest
eigenvalues) and foM the dominant Bl modes should be
included for the evaluation of energies and entropies as will be
described in the following section.

3. Application

MD Computer Simulation of Ubiquitin. The theory de-
scribed in the previous section was applied to 1500 snapshots
of the 76 amino acid protein ubiquitin from a 1.5 ns MD
trajectory stored with a time increment of 1 ps. An all-atom
representation of the protein was embedded in a cubic box
including 2909 explicit water molecules, and the simulation was
carried out using the program CHARMM 240under periodic 300" \ , \
boundary conditions and at a temperature of 300 K. More details 300 400 500 600 700
on the simulation can be found in ref 38. Before the covariance V [KT/2]
matrices were calculated, the overall translational and reorien- b
tational motion was removed by optimally superimposing the 350 ‘ : :
atoms of each snapshot on the ones of the snapshot at 750 ps.
Quasiharmonic and reorientational quasiharmonic analyses were
carried out on backbone atoms with coordinates taken from the
trajectory as described below. While side-chain atoms are not
explicitly taken into account in these analyses, their presence
in the MD force field used to generate the trajectory implicitly o
affect the motions and covariance properties of the backbone K 250t
atoms. -

Idealized Peptide Plane DynamicsA quasiharmonic analy-
sis was performed on the 72 nonproline peptide bonds along K
the main chain yielding matri¥<. Each peptide bond is 200
represented by its nitrogen atom together with three auxiliary
atoms, that probe local reorientational motion of the peptide
planes, leading to a total oNdatoms. The three auxiliary atoms

300 . -

o A 150 - o 4
are positioned along three orthogonal directions from the :
nitrogen atom at a distance of 1 A. The first auxiliary atom is ) 4 ‘ .
placed parallel to the €, — C direction, the second atom is 150 200 250 300 350
in the peptide plane orthogonal to thé C— C* axis, and the Vactive [KT/2]

third atom is placed orthogonal to the peptide plane. This leads Figure 1. Correlation of (aMacive + Vother VS V and (b)Votner VS Vactive

to 3-4N = 864 Cartesian coordinates and the same number of for the idealized backbone model in the quasiharmonic approximation
quasiharmonic modes from which only thdl & 432 modes for 1500 snapshots of ubiquitin using egs 5, 16, and 17. The calculations
with largest amplitude were considered for the energy function 'r?]g'ggs }gﬁ'argzﬁg’?/q“aswﬁéﬂoﬁ'i”;g‘iigi;‘;"n%’:;‘jggfg?rigiﬂfe g
Vofeqs (Se‘? dISCUS§IOn of th.e previous section). Roa (nonproline)()t:eersiduesimx?l energies are given in unitk@R = 1.247
re;duced quaS|harmon|c' analysis was pe'rformedl on the 72y 3.molt (atT = 300 K). In panel (a) 1 point and in panel (b) 5 points
nitrogen atoms only, leading td\3= 216 quasiharmonic modes,  fall outside the plotted region.

all of which were included in the evaluation of the energy

function Vother (€q 17). For matrixM a 9N = 648 dimensional dynamics that explicitly includes the internuclear vectorsHl
reorientational quasiharmonic analysis was performed by fol- and &—H® that determine!>N and 3C%* spin relaxation via
lowing eqgs 13 and 16, from which the smallebt ®iodes were magnetic dipolar interactions consists of the backbone N, H

excluded from the evaluation Maciive C*, H* atoms of the nonproline residues. We refer to this model
For each of the 1500 snapshdtsVacive Vother Were calcu- as the NHCH model. A quasiharmonic, a reduced quasihar-
lated in order to examine the validity of the relationsMp= monic, and a reorientational quasiharmonic analysis were

Vactive T Vother A plot Of Vaciive T Vother VS V is shown in Figure performed: matriXX was determined based on (nonproline) N,
la. Linear regression yields a slope of 1.003 and a correlationHN, C%, H* atoms, matrix<' based on (nonproline) N and*C
coefficient of 0.89. The relaxation-active motions are thus in atoms, and matri# was determined based on the internuclear
good approximation separable from other motions and the vectors N-HN and (nonproline) €&-H®. The bond lengths of
relaxation-active partition functiorZacive is a well-defined N—HN and CG—He were kept fixed at 0.997 and 1.083 A,
quantity for this model of protein backbone dynamics. The respectively, but bending motions were not artificially con-
relaxation-active motions are clearly less correlated with respectstrained. The dimension d¢f is 4-3N = 864 whileK' andM

to remaining motions as is seen in Figure 1b, whegge is have the same dimension3N = 432. The eigenvalues of
plotted vsVacive €xhibiting a correlation coefficient of 0.64. matricesK, K', andM are given in Figure 2 together with the
Protein Backbone Dynamics Model for @—H® and N—HN corresponding mode collectivitieg! defined in Appendix C.

spin relaxation. A more realistic model for protein backbone Large eigenvalues correspond to large amplitude modes. The



11420 J. Phys. Chem. B, Vol. 104, No. 47, 2000

0.8 .

102
02} . 1
. ‘ . . ‘ .
10 108 102 107 100 10" 102
A LAY
C
T T T T T
06} % X J
- ?, o

RN

PR sl

- .\ . . . ":- -

- Y
04+ . ': ol i

K . et
., .
, .
°o
02f o J
0 .. 1 L 1L i 1
104 108 102 107" 10°
A LAY

Figure 2. Mode collectivitiesc vs eigenvalues of covariance matrices
(@)K, (b)K', and (c)M (egs 4, 12, 13) for the NHCH protein backbone
model of ubiquitin«, which varies between zero and one, is a measure
for the effective number atoms or internuclear vectors that are
significantly affected by a certain mode: in casekathese are the N,
HN, C%, H* atoms, in case dk' these are the N and°Gtoms, and in
case ofM these are the NH and C—H® vectors.

collectivity « denotes the relative number of atoms (or inter-
nuclear vectors in the case i) that are significantly affected
by a certain modex is a scalar function of an eigenmode

Prompers and Bachweiler

1/nmaxand 1, wherenm is the total number of fragments: if a
mode uniformly affects all fragments then= 1, and if only

one fragment is affected then= 1/nnax For some of the small-
amplitude backbone modes, reorientational and other types of
motion are not separable. Since the effect of these modes on
spin relaxation data is uniform and sm&243they can be
included in a separate partition function, possibly of a quantum-
mechanical naturé which does hardly reflect changes of NMR
relaxation data.

The eigenvalues of matricé§ K', andM range over 7, 6,
and 5 orders of magnitude, respectively. As explained above,
none of the eigenvalues are zero and there is also no clear gap
between soft and (partially) constrained degrees and freedom.
The collectivitiesk are generally lowest for the smallest and
the largest amplitude modes with local minima in between. For
K, K', andM the collectivity « is for all modes below 0.77,
0.79, and 0.65, respectively. FKrthere are aboutl = 216
modes with eigenvalues larger than the pronounced minimum
in the center and 9 = 648 modes with eigenvalues that are
smaller. ForK' (panel b), the group of modes at the low-
amplitude end containd = 72 modes presumably caused by
the restricted N-C* bond lengths. Even for low-amplitude
modes the collectivities are on average rather high, unlike the
small collectivities found in the high-frequency spectrum of a
normal-mode analysis of crambth.The collectivities of the
reorientational modes (panel c) are lower than the quasiharmonic
modes, particularly in the high-amplitude and the low-amplitude
regimes. The low-amplitude regime, which includes N7#5
126 modes, is separated from the rest by a sharp drop in
collectivity. By comparing the collectivities between Figure 2a
and Figure 2b,c it can be seen that eq 11 is an approximation.

As was already noted for the idealized peptide-plane dynamics
model, some small-amplitude modes are nonphysical and others
are nonseparable in the sense of eq 15. Since these modes have
little influence on changes in NMR relaxation parameters, only
larger amplitude modes are included in the following discussion.
The two constraints imposed on the-NN and CG—H® bond
lengths lead to a formal reduction of the actual number of
degrees of freedom df and M by 2N. Potential energie¥,
Vactive @nd Vorer Were calculated using egs 5, 16, and 17 with
the smallest R modes excluded fronV and Vagcive Vactive T
Votner VS V is plotted in Figure 3a. The correlation coefficient
of 0.82 and the slope of 1.12 are quite similar to the results of
Figure la. From the relationship = Vacive + Vother fOllows
that the conformational partition function can in good ap-
proximation be partitioned into a relaxation-active reorientational
part and a remaining part. As in Figure Mciive and Vother
exhibit a substantially lower correlation with a correlation
coefficient of 0.46.

The number of modes can be further reduced if degrees of
freedom associated with the two bond anglés-N—C* and
N—C*—H* and the bond length NC* are excluded. Thus, the
number of degrees of freedom firis 12N—5N = 7N, for K'
6N — N = 5N, and forM 6N—4N = 2N. Potential energies
computed from the remaining largest modes are shown in Figure
3b. The correlation coefficient betwe®Qcive + VotnerandV is
0.84 with a slope of 1.05, while the correlation coefficient
betweenVacive and Voier is 0.51. Although fewer modes are
included, the width of the energy distribution is hardly affected
as compared to Figure 3a. It is instructive to analyze also
energiesV', V'aive and V'omer associated with the small-
amplitude modes that were excluded in Figure 3b. These are

independent of the eigenvalue and it can take values betweerbN modes inK, N modes forK’, and N modes for M.
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Figure 3. Correlation 0fVaciive + Votner VS V for the NHCH backbone
model of ubiquitin withN = 72 peptide planes. In panel (a) the largest
6N, 4N, and 10N modes and in panel (b) theN5 2N, and N modes
with largest amplitude have been included for the calculatiov,@f,
Vacive @ndV, respectively. In panel (c) thid, 4N, and 3N modes with
smallest amplitude have been included Mome; V'active and V',
respectively. All energies are given in unitsldi/2 = 1.247 kdmol™*

(atT =300 K). In panels (a) and (b) one point falls outside the plotted
region.
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Figure 4. Entropy differencei\Sicive + ASotner VS AS between the
four ubiquitin parts +4, each including 18 amino acids, calculated
using egs 1921. The " symbols refer to the idealized peptide-plane
model, the ®” symbols to the NHCH model of Figure 3a and the™
symbols to the NHCH model of Figure 3b. The entropy differences
are given in units ok/2 = 4.157 3mol~1-K1,

V' aciive T V'other VS V' is plotted in Figure 3c. The low correlation
between the energy terms (correlation coefficient of 0.40)
indicates that for these modes relaxation-active components are
not separable from remaining ones. While this is inconsequential
for nuclear spin relaxation data interpretation, it may be relevant
for the thermodynamic interpretation of dynamics data obtained
by other spectroscopic techniques that can resolve higher
frequency motions, such as multidimensional infrared spectros-
copy#

The existence of the relationshig = Vactive + Vothen
supported by Figures 1, 3, implies separability of the partition
function into a producEinga = Zaciive Zother (€9 18). The validity
of this relationship is further explored by calculating entropy
differences using the relationshifS = ASicive T ASotner (SEE
eqgs 19-21) for two protein states. For this purpose ubiquitin
was divided into four parts, each representing the backbone
atoms of 18 sequential (nonproline) amino acids. Part 1 contains
the N-terminal3-sheet, part 2 contains the centsahelix, part
3 includes twgs-strands, and part 4 includes ofiestrand and
the C-terminal end. A figure with collectivities and eigenvalues
of the M matrices for the NHCH model of the 4 parts of
ubiquitin is provided as Supporting Information. Each part
exhibits characteristic dynamics behavior as has been described
previously-38in qualitative agreement with experimefit!>.46
For each of the four parts the entrop®S;cive andSoinerwere
calculated and pairwise differences were determined. The
analysis was carried out for the idealized peptide-plane dynamics
model with 8N modes and for the NHCH model with 8iGand
7N modes, respectively. The results are shown in Figure 4,
where ASictive + ASoiner VS AS is plotted for 6 pairwise
differences of the four protein parts. The high degree of linearity
of the relationship (correlation coefficients 0.998), together
with slopes that are close to one (1.05, 1.11, and 1.18,
respectively) corroborate the above findings that the two types
of protein motions sampled on the ns and sub-ns time scales
are in good approximation separable in a statistical mechanical
sense. The independence of reorientations and other types of
motions, including translations, found here is reminiscent of the
independence of angular and radial fluctuations of dipolar
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T ' ' and for all four fragments for the NHCH model witiN4nodes
o0l * * with S, clearly larger tharggy,. This is consistent with the
finding that the neglecting of correlations generally leads to an
inflation of the partition functionZie ' = pZres, Wherep is a
scaling factorp ~ ae®™ with 8 proportional to the number of
or iy included modes and. as a prefactor. An exception to this
behavior is seen for part 4 for the idealized peptide-plane
+ dynamics model, where the high mobility of the C-terminal two
2 20} + o 1 peptide planes leads t§qy 4 ~ Seo s This behavior is not

¢ seen for the NHCH model where reorientational motion is

probed about different axes.

+ These findings have the direct consequence that for the system

studied here reorientational entropy changes can be estimated
L4 with good confidence from local reorientational fluctuations,

as monitored by nuclear spin relaxation measurements, without
s . taking correlation effects explicitly into account. This result is

50 40 20 o 20 quite remarkable and may hold also fc_)r _other_globular protein

corr states. It offers an easy and yet realistic estimate of entropy

ASaclive [k/ 2] H H H H :

changes in biomolecules based on NMR spin relaxation experi-

Figure 5. Reorientational entropy differences determined in the ments, |t is expected, however, that the exact nature of motional
presence of correlation effect&Sor

_ ton cve COMpared to estimates of  corelations can have a significant effect on estimates of entropy
egtr;:plxdf’gedgrcu‘?tsin'ggﬁgr;%r%cé”se'r?qti)oor;se;‘zclﬁ;giv%rfgethglfO‘g iqe differences when the motional correlation characteristics of the
b quiin. 4 polypep states to be compared become qualitatively different. The

backbone models as in Figure 4. The threé€ Symbols furthest away o . A .
from the diagonal correspond to entropy differences involving part 4. Validity range of this approximation can be further explored by

The entropy differences are given in unitski = 4.157 3mol-%-K 1, application of this type of analysis to partially folded and
unfolded protein states (work in progress).

interactions previously observed in the context of homonuclear
NMR cross relaxation analysis of polypeptidés. 4. Conclusion

Effect of Correlation on Reorientational Entropy Changes. o ) ) )
On the basis of the above results, it is possible to quantify the Thermodynamm interpretation of relaxation data_of protem;
effect of motional correlations on estimates of reorientational @nd other biomolecules offers a complementary view of their
entropy differencesASeor, between different protein states. For dyna_mlc behavior assisting the understanding of_ blomolecul_ar
this purpose, the reorientational entropies are calculated for eacifunction. Due to the presence of strong correlation effects in
of the four protein segments in two different ways: once glc_)bular proteins the statistical mechanical separation of re-
including correlation and once without correlation. Correlation ©Ofientational motion amenable to heteronuclear spin relaxation
effects are excluded by modifying the covariance mattixo from other types of motion is not obvious and has been
M’ by setting certain elements to zero. For the idealized peptide- d@monstrated here for ubiquitin by using a MD simulation and
plane dynamics model these are all elements that connectVarious forms of second.moment covariance analyses. It has
different peptide planes, while for the NHCH model witNl 4 been shown that for dominant protein motions sampled on the

[k/2]

uncorr
active

AS

modes these are all elements between individualHN and ns time scale an intramolecular reorientational partition function
Ce—He vectors, i.e., each dipolar vector is assumed to move in and a reorientational entropy can be defined that are physically
an uncorrelated way from all other dipolar vectdw. is then meaningful. Moreover, the effect of motional correlation on

block-diagonal with each block belonging to a peptide plane or chgng(_as of reorientational entropies between different parts of
a dipolar vector, respectively. While information about correla- Ubiquitin has been found to be remarkably small. These results
tions has become log’ still reflects local spin-relaxation active ~ Provide a theoretical basis toward a more quantitative thermo-
motions with unchanged amplitudes. Pairwise differences of dynamic interpretation of NMR spin relaxation data in biomol-

reorientational entropies can be evaluated using eq 20 in the€cules. The presented concepts should be applicable to other
presence and in the absence of correlation: biological and nonbiological macromolecular systems as well.

AT Lo cgorr Asmcorr_ ncorr __ guncorr (22) AppendixA

eorjj — “Yeorj eorj eorjj — “teorj eorj

The extent to which motions are correlated critically depends
wherei, j =1, ..., 4 denote the four protein parts whose entropies on the choice of the coordinate system and on the considered
are compared. In Figure 5S¢ is plotted againsA Sy for objects, such as individual atoms, atom pairs, peptide groups,
all six pairwise reorientational entropy differences between the dihedral angles, or internuclear vectors. These factors also
four parts of ubiquitin for both backbone dynamics models. The determine whether for a subsystem a statistical-mechanical
degree of correlation is remarkably high with an average partition function and inferred thermodynamic properties can
correlation coefficient of 0.97 and an average slope of 0.91. be meaningfully defined. The problem can be exemplified for
This implies that motional correlation effects that are a a system exhibiting two classical degrees of freedoandy,
characteristic feature of the dynamics of ubiquitin have on with a quadratic potential energy functidifx, y) characterized
average a small and in some case a negligible effect onby the constants, b with a, b > 0
reorientational entropy differences between its different parts.

Absolute entropieS,,, and Sgo, do significantly differ for

eorg

1 1{x\"[a 0}\(x
fragments %3 for the idealized peptide-plane dynamics model V(X y) = E(axz +by’) = E(y) (0 b)(y) (A1)
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The conformational partition function is then

Z= fj;fidxdyév(x, VIKT) _

( f°° dxe—ax?/(zm)( f°° dye—byZ/(zkn) _

22,= 220 (n2)

Thremal motions along andy are uncorrelated and the exact
partition function can be factorized such that thermodynamic
quantities inferred fromz,, that are only associated with
coordinatex, are in fact meaningful. The analogous statement
holds for coordinatey.

We now describe the problem in a new coordinate system
that is rotated by an angte with respect to the old onex =
cosp X —singy,y =sing X+ cosg y. The potential energy

V(X, y) is then
,a_1x\'[ac + b (@-b)cs |(x
V(X’y)_Z(y ) (@-b)cs  ag + b (Y ) (A3)

wherec = cos¢, s = sin ¢. The motions along’ andy' are
correlated provided that the off-diagonal elemeats-(b)cs=
0. Obviously, the partition function belonging ¥¢x', y') must
be the same as the one of eq A2.

If, however, correlation effects betwegrandy' are ignored,
i.e., if the off-diagonal elements of eq A3 are set to zero, then
the partition function becomes

Zuncorr —

{f7 dxer @S TIDACD [ gy er(ed ToIEDY —
Z;ncorr. Z;J/ncorr — 27KT
V(@? + bd)(@g + b

Comparison with eq A2 shows that neglecting of correlation
effects implieszunco™ < Z, Thuszune provides a lower bound
for Z. Except for special cased,cannot be reconstructed from
the partsZ,"", Z,"*°" and hence, thermodynamic quantities of

(A4)

the system, such as free energy and entropy, cannot be
represented as sums of thermodynamic quantities individually

derived fromZ,™*" and Z;"*".

Appendix B

In this appendix, quasiharmonic analysis of two orthogonal
vectors,e, = (cos¢g, sing) ande, = (—sin ¢, cosg), lying in

J. Phys. Chem. B, Vol. 104, No. 47, 20001423

AO 0 A
—— loB -BO
M=|AelAel =) "o 2" (A6)
AO O
where|Ael= |e0— |eJandA = 1/2(1+ e %% — 2¢™%), B =

1/2(1 - e’z"é). Diagonalization yields four orthogonal eigen-
vectorsv; = (1, 0, 0, 1),v, = (1, 0, 0,—1),v3= (0, 1, 1, 0),
v4 = (0, 1, —1, 0) with eigenvalued; = 2A, 1, = 13 = 0,
/14 = 2B.

Despite the fact that this system has only one degree of
freedom,g, there are two eigenmodas, andv,, with nonzero
amplitude (eigenvalues). This implies that the two modes have
a well-defined phase relationship as can be seen by spanning
an original orientationey, e,lJin the vy, v4 basis

lel= |e, g,[= cosp v, + sinp v, (A7)

|Ael= |e[— |el=

a2l2

lcosp — & "2, singp, —sing, cogp — & "=

(cosp — e )y, + sing v, (A8)

This example demonstrates that quasiharmonic modes can be
correlated. Thus, at a given temperature the modes are not
independently populated, if the number of included modes
exceeds the actual number of degrees of freedom.

Appendix C

Eigenmode@j of matricesK, K', andM can exhibit a variable
degree of delocalization or collectivity with respect to the atoms
or internuclear vectors involved. A quantitative measure for the
collectivity of a mode is itsnode collectiity indexor simply
themode collectiity, «,** which is calculated from the vector
componentdjx of Q;, Q = (G, G2 ..., Gjp), describing the
displacement of atoms or the reorientation of vectors

1 P
K, =—exp{— [G;,l° loglG; % (A9)
I p kZ ) I

«j is a number between R/and 1 given by the ratio between
the effective number of fragments that are collectively reoriented
by thejth mode and the total number of fragments. A small
reflects local motion, while a largereflects a substantial degree
of collectivity. For the NHCH backbone modBl= 2N while

the xy plane undergoing one-dimensional Gaussian reorienta-for the idealized peptide plane dynamics moBet N, where

tional motior? about an axis perpendicular to the plane is
discussed. It is found that motion along different quasiharmonic

modes may maintain phase relationships, which is in contrast

to assumptions made in normal-mode analysis.

The state of the system is specified by the 4-dimensional
vector |elJ= |g, g= |cos ¢, sin ¢, —sin ¢, cos ¢l] The
normalized probability distributiop(¢)dg of the anglep is a
Gaussian distribution centered aroupd= 0

pe)dg = (2707) Yo" Ddg (A5)
For o, < x, the matrix M of eq 13 can be determined

analytically using the relationshipsosng = e ™" and

sinmg = 0 together with the identities cis = (1 + cos2p)/2,
sinfp = (1—cos2p)/2, and sipcosy = (sin2p)/2

N is the number of included peptide planes.
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