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Covariance nuclear magnetic resonance~NMR! spectroscopy provides an effective way for
establishing nuclear spin connectivities in molecular systems. The method, which identifies
correlated spin dynamics in terms of covariances between 1D spectra, benefits from a high spectral
resolution along the indirect dimension without requiring apodization and Fourier transformation
along this dimension. The theoretical treatment of covariance NMR spectroscopy is given for
NOESY and TOCSY experiments. It is shown that for a large class of 2D NMR experiments the
covariance spectrum and the 2D Fourier transform spectrum can be related to each other by means
of Parseval’s theorem. A general procedure is presented for the construction of a symmetric
spectrum with improved resolution along the indirect frequency domain as compared to the 2D FT
spectrum. ©2004 American Institute of Physics.@DOI: 10.1063/1.1755652#

I. INTRODUCTION

Over the past decades two-dimensional Fourier trans-
form nuclear magnetic resonance~NMR! spectroscopy~2D
FT NMR! has become a widely used experimental method
for the structural and dynamic characterization of molecules
in solution and in the solid state.1–5 Due to its versatility the
2D FT method has found application also in other
spectroscopies.6,7

2D FT NMR follows the general scheme8

Preparation2Evolution ~ t1!2Mixing ~tm!2Detection~ t2!

~Scheme 1!

which yields a time-domain signals(t1 ,tm ,t2) that, after 2D
Fourier transformation, provides a 2D frequency matrix
S(v1 ,tm ,v2) 5 *0

`*0
`dt1dt2 exp (2iv1t1) exp (2iv2t2) s(t1,

tm,t2), which contains quantitative information about con-
nectivities between individual resonances. In practice, a dis-
cretized form ofs(t1 ,tm ,t2) is recorded with a total number
N1 of t1 values during the evolution period with a constant
time incrementDt1 and a total numberN2 of t2 values with
a time incrementDt2 during the free induction decay~FID!.
The spectral resolution, defined as a measure for the smallest
frequency separation for which two lines appear as clearly
distinct, is along dimensionv i ( i 51,2) given by Dn i

51/(Ni•Dt i) independent of zero-filling. Because the ex-
perimental time is proportional toN1 , in practiceN1 is typi-
cally significantly smaller thanN2 . ForDt15Dt2 , this leads
to lower resolution along the indirect dimensionv1 as com-
pared to the detection dimensionv2 . In addition, apodiza-
tion parameters alongt1 must be chosen carefully in order to
minimize truncation artifacts.

The recently introduced covariance NMR spectroscopy
method9 is an alternative to 2D FT NMR spectroscopy. In-
stead of applying a second Fourier transformation along the
t1 evolution dimension, it constructs the covariance matrix

from a set of 1D spectra. The covariance method neither
requires apodization nor phase or baseline correction along
the t1 dimension and the resolution obtained along the indi-
rect v1 dimension is identical to the one alongv2 .

In previous work an experimental demonstration and
comparison between covariance NMR and 2D FT NMR was
provided.9 In the present paper the relationship between the
two methods is discussed from a theoretical perspective. The
paper is organized as follows: In Sec. II the covariance
method is described. In Sec. III the method is applied to the
NOESY experiment10–12 of the 2-spin 1/2 system as well as
the generalN-spin 1/2 case and compared with 2D FT. In
Sec. IV, the TOCSY experiment13 is treated both for the
2-spin 1/2 case and the generalN-spin 1/2 case and com-
pared with 2D FT. In Sec. V, the method is formulated in
terms of Parseval’s theorem, which is followed by a conclu-
sion in Sec. VI.

II. COVARIANCE SPECTROSCOPY

In covariance NMR spectroscopy the multivariate time-
domain signals(t1 ,tm ,t2) can be obtained by using Scheme
1 and is, like in 2D FT NMR, first Fourier transformed along
t2 . This yields the real functionS(t1 ,tm ,v2) describing 1D
absorption spectra as a function of evolution and mixing
times t1 andtm , respectively,

S~ t1 ,tm ,v2!5ReE
0

t2,max
dt2 exp~2 iv2t2!s~ t1 ,tm ,t2!,

~1!

where t2,max is the total acquisition time. In a second step,
cross-covariances are computed according to9

Cv2v
28
~tm!5Cv

28v2
~tm!

5^S~ t1 ,tm ,v2!S~ t1 ,tm ,v28!&

2^S~ t1 ,tm ,v2!&^S~ t1 ,tm ,v28!&, ~2!

where the angular brackets indicate averaging overt1

from 0 to the maximal evolution timet1,max, for example,
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^S(t1 ,tm ,v2)&5t1,max
21 *0

t1,maxdt1S(t1,tm,v2). Due to the dis-
crete nature of data acquisition and discrete Fourier transfor-
mation, in practiceS(t1 ,tm ,v2) is defined at finite numbers
of discrete frequencies$v2,j% ( j 51,...,N2) and discretet1

values. The integral overt1 is then replaced by a sum over
the t1 increments andCv2v

28
can then be represented as a real

symmetricN23N2 covariance matrixC.9

III. NOESY

The NOESY experiment monitors dipolar auto- and
cross-relaxation in the laboratory frame.10–12 It follows the
general Scheme 1 containing three 90° pulses separated by
delayst1 andt,10

90w1

+ 2evolution~ t1!290w2

+ 2mixing ~t!290w3

+

2detection~ t2!. ~Scheme 2!

It is assumed that time-proportional phase incrementation
~TPPI! ~Ref. 14! is applied to thew1 phase to shift the carrier
frequency in the indirect dimension outside the spectrum. At
the beginning of the experiment the magnetizations of both
spins of a homonuclear IS two-spin 1/2 system are at equi-
librium, which is proportional to (mI ,eq,mS,eq)5(1,1). For
simplicity, magnetizations are treated in the following as
unit-free quantities that can take values between21 and 1.
The magnetization along thez-axis is after the second pulse
~with phasew252w1), neglecting relaxation andJ-coupling
evolution, given by (mI(t1),mS(t1))5(cosvIt1,cosvSt1),
wherev I , vS are the resonance frequencies of the two spins
relative to the carrier frequency. During the subsequent mix-
ing time t, the spin evolution is governed by the Solomon
equations15

d

dt S mI~ t1 ,t!

mS~ t1 ,t! D52RS mI~ t1 ,t!2mI ,eq

mS~ t1 ,t!2mS,eq
D , ~3!

where

R5F r s

s r
G

is the relaxation matrix withr51/T1 and s is the cross-
relaxation rate that is proportional to the minus sixth power
of the internuclear distancer IS , s5K/r IS

6 . The solution to
the initial condition (mI(t1),mS(t1)), found by standard lin-
ear algebraic methods, is

S mI~ t1 ,t!

mS~ t1 ,t! D5e2rtF cosh~st! 2sinh~st!

2sinh~st! cosh~st!
G

3S cos~v I t1!21
cos~vSt1!21D1S 1

1D . ~4!

The final 90y
+ pulse converts the longitudinal magnetization

into detectable transverse magnetization that evolves with
the corresponding resonance frequenciesv I andvS ,

~mI~ t1 ,t,t2!,mS~ t1 ,t,t2!!

5~mI~ t1 ,t!eiv I t2,mS~ t1 ,t!eivSt2!. ~5!

Complex Fourier transformation with respect tot2 yields ac-
cording to Eq.~1! 1D absorptive spectra that depend ont1

andt,

S~ t1 ,t,v2!

5ReE
0

`

dt2e2 iv2t2$mI~ t1 ,t!eiv I t21mS~ t1 ,t!eivSt2%

5pd~v22v I !mI~ t1 ,t!1pd~v22vS!ms~ t1 ,t!. ~6!

In 2D FT NMR a second Fourier transformation is per-
formed with respect tot1 leading to a 2D spectrum with
diagonal peaks at frequencies (v I ,v I) and (vS ,vS) with
amplitudesaI ,I5aS,S5e2rt cosh(st) and cross peaks at fre-
quencies (v I ,vS) and (vS ,v I) with relative amplitudes
aI ,S5aS,I52e2rt sinh(st). Additional peaks, known as
axial peaks, appear at frequencies (v1 ,v2)5(0,v I) and
(0,vS) that are typically suppressed by phase cycling
methods.2 The 2D spectrum can then be represented for the
2-spin case in a compressed form by a 232 matrix contain-
ing as its elements the amplitudes of diagonal and cross
peaks of the 2D spectrum11

S5e2rtF cosh~st! 2sinh~st!

2sinh~st! cosh~st!
G5e2Rt. ~7!

In the covariance methodthe variances and covariances
of the spectral amplitudes are evaluated according to Eq.~2!.
We focus on the spectral amplitudes at the two frequencies
v I and vS . The variance of mI(t1 ,t) is Var(I )
5^mI(t1 ,t)2&2^mI(t1 ,t)&2. When taking into account
^cosvIt1&5^cosvSt1&5^cosvIt1 cosvSt1&50 and ^cos2 vIt1&
5^cos2 vSt1&51/2, one obtains

Var~ I !5 1
2e

22rt$cosh2~st!1sinh2~st!%. ~8!

Analogous calculations yield Var(S)5Var(I ) and

Cov~ I ,S!5Cov~S,I !

5^mI~ t1 ,t!mS~ t1 ,t!&2^mI~ t1 ,t!&^mS~ t1 ,t!&

52e22rt cosh~st!sinh~st!. ~9!

The corresponding 232 covariance matrix is

C5F Var~ I ! Cov~ I ,S!

Cov~S,I ! Var~S!
G5

1

2
e22rt Fcosh2~st!1sinh2~st! 22 cosh~st!sinh~st!

22 cosh~st!sinh~st! cosh2~st!1sinh2~st!
G . ~10!
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Comparison with the 2D FT spectrumS of Eq. ~7! shows that

C5 1
2S

25 1
2S

TS5 1
2e

22Rt. ~11!

Hence, the covariance matrixC is proportional to the 2D FT
NMR spectrum recorded at twice the mixing time 2t. Axial
peaks are suppressed even without explicit phase-cycling
based axial peak suppression.

It is now shown that the relationship of Eq.~11! holds
for spin systems withN.2 spins. It is noted that for the
N-spin 2D FT NOESY spectrum the generalization of Eq.~7!
holds where the peak amplitudes are given11

Si j 5@e2Rt# i j or S5e2Rt. ~12!

For a rigid and isotropically tumbling molecule the off-
diagonal elements ofR areRi j 5K/r i j

6 , whereK is a prefac-
tor that depends on the tumbling correlation time andr i j is
the distance between the nuclei of spinsi andj. The diagonal
elements areRii 51/T1,i , whereT1,i is the longitudinal relax-
ation time of spini.

The covariance matrix, on the other hand, is determined
by

C5^m~ t1 ,t!•m~ t1 ,t!T&2^m~ t1 ,t!&•^m~ t1 ,t!&T,
~13!

wherem(t1 ,t) is anN-dimensional column vector contain-
ing the magnetizations of the individual spins as its compo-
nents, which is the solution of the generalized Solomon
equations in analogy to Eq.~4!,

m~ t1 ,t!5e2Rt~c~ t1!21!11, ~14!

where c(t1)5(cos(v1t1),cos(v2t1),...,cos(vNt1))
T and 1

5(1,1,...,1)T. The first term on the right-hand side of Eq.
~13! is, after taking into account̂c(t1)&5^c(t1)&T50,

^m~ t1 ,t!•m~ t1 ,t!T&

5e2Rt^~c~ t1!21!~c~ t1!T21T!&e2Rt2e2Rt1"1T

21"1Te2Rt11"1T, ~15!

whereas the second term is

^m~ t1 ,t!&•^m~ t1 ,t!&T5e2Rt1"1Te2Rt2e2Rt1"1T

21"1Te2Rt11"1T. ~16!

It follows for their differenceC5e2Rt^c(t1)•c(t1)T&e2Rt.
In the absence of spectral degeneracies^cos(vit1)cos(vjt1)&
51

2dij and therefore

C5e2Rt 1
2e

2Rt5 1
2e

22Rt5 1
2S

25 1
2S

TS, ~17!

which shows that Eq.~11! applies to spin systems of arbi-
trary size. As for the 2-spin case@Eq. ~10!# axial peaks are
automatically suppressed. Equation~17! shows that the co-
variance spectrum corresponds to a NOESY spectrum ob-
tained at twice the experimental mixing time, 2t. This ex-
plains the previous observation of significant spin diffusion
effects in an experimental covariance NOESY spectrum of
ubiquitin.9

The r i j
26 distance dependence of the off-diagonal ele-

ments ofR, which determines the cross-peak amplitudes at
short mixing timest, forms the basis of the internuclear dis-
tance information obtainable from NOESY spectra.11,12 Be-

causeC is by definition a symmetric and positive semidefi-
nite matrix, it can be diagonalized,Cvj5l jvj , with l j>0
andC5UDUT, whereD is a diagonal matrix containing the
eigenvaluesl j as its diagonal elements andU is an orthogo-
nal matrix with the corresponding eigenvectorsvj as its col-
umns. It follows for spectrumS and relaxation matrixR,

S521/2C1/2521/2UD1/2UT, ~18!

R52
1

2t
ln~2C!52

1

2t
U ln~2D!UT. ~19!

As mentioned above, if the number oft1 incrementsN1

is smaller than the number oft2 incrementsN2 , in 2D FT
NMR the spectral resolution alongv1 is lower than along
v2 . By contrast, in covariance NMR the spectral resolutions
along v1 and v2 are identical for both spectrumS and re-
laxation matrixR calculated from the eigenvectors and ei-
genvalues of covariance matrixC using Eqs.~18! and ~19!.
Equations~17! and~18! provide a straightforward method to
get a symmetric spectrumSsym from a nonsymmetric 2D FT
spectrumS via

Ssym521/2C1/25~STS!1/2. ~20!

IV. TOCSY

The covariance method is applied to the TOCSY
experiment13 for a homonuclear IS 2-spin 1/2 system. The
spin Hamiltonian is given by

H5v I I z1vSSz12pJ$I xSx1I ySy1I zSz%, ~21!

where v I , vS are the Larmor frequencies relative to the
carrier frequency andJ is the isotropic scalarJ-coupling con-
stant~in units of Hz!. Starting with the equilibrium density
operators05I z1Sz , the relevant part of the density opera-
tor after thet1 evolution period, neglecting spin relaxation
and antiphase terms~rotating-frame zero quantum terms!, is

s~ t1!5cos~pJt1!$cos~v I t1!I x1cos~vSt1!Sx%. ~22!

s(t1) evolves during isotropic mixing of durationtm under
the effective HamiltonianHiso52pJ$I xSx1I ySy1I zSz% ac-
cording to13

s~ t1 ,tm!5cos~pJt1!@cos~v I t1!a1~tm!

1cos~vSt1!a2~tm!#I x

1cos~pJt1!@cos~v I t1!a2~tm!

1cos~vSt1!a1~tm!#Sx , ~23!

where a6(tm)5$16cos(2pJtm)%/2 and only detectable
terms of the density operator have been retained. Phase-
sensitive detection during the periodt2 yields the complex
time-domain signal

s~ t1 ,tm ,t2!5cos~pJt1!@cos~v I t1!a1~tm!

1cos~vSt1!a2~tm!#cos~pJt2!exp~ iv I t2!

1cos~pJt1!@cos~v I t1!a2~tm!

1cos~vSt1!a1~tm!#cos~pJt2!exp~ ivSt2!.

~24!
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After complex Fourier transformation with respect tot2 , 1D
absorption spectra are obtained with four multiplet compo-
nents whose amplitudes depend ont1 andtm ,

S~ t1 ,tm ,v2!

5cos~pJt1!$cos~v I t1!a1~tm!

1cos~vSt1!a2~tm!%
p

2
@d~v22~v I1pJ!!

1d~v22~v I2pJ!!#

1cos~pJt1!$cos~v I t1!a2~tm!

1cos~vSt1!a1~tm!%
p

2
@d~v22~vS1pJ!!

1d~v22~vS2pJ!!#. ~25!

In 2D FT NMR spectroscopy Fourier transformation alongt1

yields a spectrum with relative diagonal and cross-peak am-
plitudes

S5Fa1 a2

a2 a1
G ^ F1 1

1 1G , ~26!

where the first and second rows correspond to the twoI spin
multiplet components and the third and fourth rows corre-
spond to the twoS spin multiplet components. Zero-
amplitude cross peaks occur if the scalarJ-coupling is zero
or if condition tm5n/J (n50,1,2,...) holds and the cross-
peak maxima occur at timestm5(2n11)/(2J) (n
50,1,2,...).

The covariance spectrum, on the other hand, is calcu-
lated according to Eq.~2!,9

Var~ I !5Var~S!

5^~cos~pJt1!$cos~v I t1!a1~tm!

1cos~vSt1!a2~tm!%!2&5d~a1
2 1a2

2 !,

whered5^cos2(pJt1)(cos2(vIt1)1cos2(vSt1))& and the associ-
ated covariances are Cov(I ,S)5Cov(S,I )52da1a2 .
Hence, the covariance matrix is

C5dFa1
2 1a2

2 2a1a2

2a1a2 a1
2 1a2

2 G ^ F1 1

1 1G
5

d

2 F11cos2~2pJtm! 12cos2~2pJtm!

12cos2~2pJtm! 11cos2~2pJtm!
G ^ F1 1

1 1G .
~27!

The cross peaks have zero amplitude under the same condi-
tions as the cross peaks of the 2D FT spectrum@Eq. ~26!#.
Comparison of Eqs.~26! and ~27! reveals

C5
d

2
S25

d

2
STS, ~28!

which has, with the exception of the prefactord, the same
form as for the NOESY case@Eqs.~11! and ~17!#.

Equation~28! can be generalized for spin systems with
N.2 spins. The isotropic Hamiltonian during the mixing
period is then

Hiso5(
i , j

N

2pJi j $I ixI jx1I iyI jy1I izI jz%, ~29!

whereJi j is the scalarJ-coupling constant between spinsi
andj. In the 2D FT TOCSY spectrumS the amplitudes of the
cross and diagonal peaks are given by

Si j ~t!5q•Tr$I jzs i~t!%5q•Tr$I jze
2 iHisotI ize

iHisot%,
~30!

whereq5(Tr$I jz
2 %)21 is a normalization factor. The matrices

representing the operatorsHiso, I iz , and I jz are real and
therefore the 2D FT TOCSY spectrum is symmetricS5ST

because

Si j ~t!5Si j ~t!*

5q•Tr$I jze
iHisotI ize

2 iHisot%

5q•Tr$I ize
2 iHisotI jze

iHisot%5Sji ~t!, ~31!

where the invariance of the trace operation under cyclic per-
mutation of its operator arguments was used.

For thecovariance methodthe spin density operator af-
ter t1 evolution is s(t1)5( i 51

N ci(t1)I iz , where ci(t1)
5cosvit1. After isotropic mixing, the amplitude of the reso-
nance of spink is

S~ t1 ,t,k!5q•Tr$I kze
2 iHisots~ t1!eiHisot%

5(
i 51

N

ci~ t1!q Tr$I kze
2 iHisotI ize

iHisot%

5(
i 51

N

ci~ t1!Sik~t!. ~32!

The elements of covariance matrixC are determined by

Ckl5^S~ t1 ,t,k!S~ t1 ,t,l !&2^S~ t1 ,t,k!&^S~ t1 ,t,l !&.
~33!

Using ^S(t1 ,t,k)&5^S(t1 ,t,l )&50 and ^ci(t1)cj (t1)&
5 1

2d i j , one obtains

Ckl5 (
i , j 51

N

^ci~ t1!cj~ t1!&Sik~t!Sjl ~t!

5
1

2 (
i 51

N

Sik~t!Sil ~t!5
1

2
@STS#kl ~34!

or C5 1
2S

TS which is the same as Eq.~17!. It differs from Eq.
~28! by the prefactord since, in contrast to Eq.~34!, in Eq.
~28! evolution under the scalarJ-coupling duringt1 has been
taken into account.
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It is worth noting that the general form of Eq.~34! does
not depend on the explicit form ofHiso. It merely uses the
fact that the propagation under the mixing Hamiltonian is
unitary. Thus, Eq.~34! holds also for other experiments with
different unitary mixing sequences. As in the NOESY case, a
symmetric spectrumS can be obtained using Eq.~20!.

V. PARSEVAL’S THEOREM AND COVARIANCE NMR

The relationshipC5 1
2S

TS can be rationalized using the
well-known Parseval’s theorem,

E
2`

`

f ~ t !g* ~ t !dt5
1

2p E
2`

`

F~v!G* ~v!dv, ~35!

whereF(v) and G(v) are the complex Fourier transforms
of the functions f (t) and g(t). An analogous expression
holds also for discrete time signals and spectra.

In the TOCSY experiment̂S(t1 ,tm ,v2)&>0, because
S(t1 ,tm ,v2) is either close to zero in casev2 is far away
from all resonance frequencies orS(t1 ,tm ,v2) is a rapidly
oscillating function int1 with zero average if the carrier fre-
quency is sufficiently far away from all resonances. The lat-
ter can be achieved by setting the carrier outside the spec-
trum or by time-proportional phase incrementation~TPPI!.14

From ^S(t1 ,tm ,v2)&>0 follows

Cv2v
28
~tm!5Cv

28v2
~tm!>^S~ t1 ,tm ,v2!S~ t1 ,tm ,v28!&.

~36!

SinceS(t1 ,tm ,v2) is real andS(t1 ,tm ,v2)50 for t1,0 it
can be shown using the cosine Fourier transform
S(v1 ,tm ,v2)5*0

`S(t1 ,tm ,v2)cos(v1t1)dt1,

Cv2v
28
~tm!}E

0

`

dt1S~ t1 ,tm ,v2!S~ t1 ,tm ,v28!

5
1

p E
2`

`

dv1S~v1 ,tm ,v2!S~v1 ,tm ,v28!. ~37!

In other words, the scalar product of two columns of the 2D
spectrumS(v1 ,tm ,v2) is proportional to the covariance of
the corresponding time-domain signalsS(t1 ,tm ,v2), which
coincides with the mathematical meaning ofC}STS @see
Eqs. ~17! and ~34!#. Thus, a symmetrized 2D-FT like spec-
trum Ssym can be obtained usingSsym521/2C1/25(STS)1/2

@see Eq.~20!#.
Parseval’s theorem is not directly applicable to the

NOESY experiment because according to Eq.~16!
^S(t1 ,tm ,v2)&Þ0. However, axial peak suppression can be
employed by subtracting for each FID obtained with an ex-
citation pulse with phasew1 a FID with phasew11180°
creating the initial condition2c(t1) at the beginning of the
mixing time.2 Using Eq.~14! this yields

Dm~ t1 ,t!5$e2Rt~c~ t1!21!11%2$e2Rt~2c~ t1!21!11%

52e2Rtc~ t1! ~38!

which has the desired property^Dm(t1 ,t)&>0 allowing the
application of Parseval’s theorem in analogy to Eq.~37!.
Alternatively, axial peaks can be suppressed by calculating

the covariance matrixC85 1
2S8TS8. from a subregionS8 of

the full 2D FT spectrumS that is free of axial peaks.
In this work, the covariance formalism was applied to

mixed time-frequency domain data of the typeS(t1 ,tm ,v2)
corresponding to 1D spectra alongv2 with different evolu-
tion timest1 . For symmetry reasons, it is possible to apply
the covariance formalism to mixed frequency-time domain
data of the typeS(v1 ,tm ,t2), which is obtained by Fourier
transformation ofS(t1 ,tm ,t2) along t1 . However, in this
case the spectral resolution is determined by the sampling
along the indirectt1 dimension, which is generally lower
than the one available alongv2 .

VI. CONCLUSION

Covariance NMR spectroscopy is an attractive alterna-
tive to 2D FT NMR for the identification and analysis of
nuclear spin correlations in molecular systems. The theoret-
ical analysis presented here shows that for a large class of
homonuclear 2D NMR experiments the covariance NMR
spectra are mathematically related via Parseval’s theorem to
the corresponding 2D FT NMR spectra. Application of the
matrix square-root operation to the covariance matrix yields
a spectrum that has increased resolution alongv1 and other-
wise is very similar to the 2D FT spectrum. In the absence of
a priori information about the spectrum, evolution in con-
stant t1 increments is well suited for the covariance ap-
proach. If, on the other hand, the chemical shift distribution
is already known, alternative excitation and evolution
schemes are conceivable using frequency-selective pulses
providing spin correlation information that can be unraveled
by means of the covariance formalism. Since covariance
NMR makes fewer assumptions and has fewer restrictions, it
can be considered for the types of experiments discussed
here as a generalization of the 2D FT NMR method. From a
data analysis perspective, the formulation of a 2D spectrum
in terms of a covariance matrix has distinct advantages lend-
ing itself to diagonalization techniques, such as principal
component analysis and other multivariate statistical analysis
methods,16 for the downstream interpretation of the spectra
in terms of spin-network topology and molecular structure.17
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