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Covariance nuclear magnetic resonari®MR) spectroscopy provides an effective way for
establishing nuclear spin connectivities in molecular systems. The method, which identifies
correlated spin dynamics in terms of covariances between 1D spectra, benefits from a high spectral
resolution along the indirect dimension without requiring apodization and Fourier transformation
along this dimension. The theoretical treatment of covariance NMR spectroscopy is given for
NOESY and TOCSY experiments. It is shown that for a large class of 2D NMR experiments the
covariance spectrum and the 2D Fourier transform spectrum can be related to each other by means
of Parseval's theorem. A general procedure is presented for the construction of a symmetric
spectrum with improved resolution along the indirect frequency domain as compared to the 2D FT
spectrum. ©2004 American Institute of Physic§DOI: 10.1063/1.1755652

I. INTRODUCTION from a set of 1D spectra. The covariance method neither

Over the past decades two-dimensional Fourier transreauires apodization nor phase or baseline correction along

form nuclear magnetic resonan@eMR) spectroscopy2D thettl d|g_1en3|o_n af‘d_;he tr_esT)ItuU%n obtaln:ad along the indi-
FT NMR) has become a widely used experimental method €¢t @1 dIMENSION IS 1dentical to the one alomg .

for the structural and dynamic characterization of molecules In prew%uséwwork an e.xperml:ltla\;lt?al d;';gnlf_f_r?\l“'ag and
in solution and in the solid state® Due to its versatility the ~OMParson bEween covariance an was

2D FT method has found application also in Otherprovided? In the present paper the relationship between the
spectroscopied’ two methods is discussed from a theoretical perspective. The

paper is organized as follows: In Sec. Il the covariance

2D FT NMR follows the general schefhe method is described. In Sec. lll the method is applied to the
Preparation- Evolution (t;) —Mixing (7,,,) — Detection(t,) NOESY experimen?~12of the 2-spin 1/2 system as well as

(Scheme 1 the generalN-spin 1/2 case and compared with 2D FT. In

Sec. IV, the TOCSY experimefitis treated both for the

which yields a time-domain signa(t,, 7,,,t,) that, after 2D 2-spin 1/2 case and the geneispin 1/2 case and com-
Fourier transformation, provides a 2D frequency matrixpared with 2D FT. In Sec. V, the method is formulated in
w1, Tm,w5) = [ [odtidt, exp (—imit;) exp (—iwsty) s(ty,  terms of Parseval’s theorem, which is followed by a conclu-
Tm,t2), Which contains quantitative information about con- sion in Sec. VI.
nectivities between individual resonances. In practice, a dis-
cretized form ofs(t,, 7,,t,) is recorded with a total number [I. COVARIANCE SPECTROSCOPY
N, of t; values during the evolution period with a constant

time incrementAt; and a total numbeN, of t, values with domain signak(t,, m.t,) can be obtained by using Scheme
ime i i i i 1:7m, 2
a time incrementt, during the free induction decayD). 1 and is, like in 2D FT NMR, first Fourier transformed along

The spectral resolution, defined as a measure for the smallest™__ ™ . -
frequency separation for which two lines appear as cIearI}Z' This yields the real functiof{(t,, 7, w) describing 1D

distinct, is along dimensionw; (i=1,2) given by Ay; :r?]se(;r{atlgl;dspec’;i ae;sctilglunctlon of evolution and mixing
=1/(N;-At;) independent of zero-filling. Because the ex- 1 Tm P Y.

In covariance NMR spectroscopy the multivariate time-

perimental time is proportional td,, in practiceN, is typi- _ t2,max .
cally significantly smaller thail,. For At =At,, this leads S(t1,7m,wz)=Re | = dtz exp(—iwatp)S(ty, 7, T2),
to lower resolution along the indirect dimensian as com- (1)

pared to the detection dimensia,. In addition, apodiza-
tion parameters along must be chosen carefully in order to
minimize truncation artifacts.

The recently introduced covariance NMR spectroscopy  C,,_,/(7m)=C.’0.(Tm)
method is an alternative to 2D FT NMR spectroscopy. In- 22 2
stead of applying a second Fourier transformation along the =(S(t1,Tm,w2)S(t1,Tm,w3))
t, evolution dimension, it constructs the covariance matrix

wheret, . is the total acquisition time. In a second step,
cross-covariances are computed accordifg to

_<S(tlmi1w2)><s(t1!7-m!wé)>l (2)
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(S(ty, T @2) ) =17 2 Bl'ma’ﬁhs(tlﬁm,wz)- Due to the dis- The final 99 pulse converts the longitudinal magnetization

crete nature of data acquisition and discrete Fourier transfofDt0 detectable transverse magnetization that evolves with
mation, in practiceS(t; , 7, w,) is defined at finite numbers the corresponding resonance frequenagand ws,
of discrete frequencie$w,;} (j=1,...N,) and discretet;
values. The integral over, is then replaced by a sum over (Mi(t1:7:t2).Ms(ty,7.t5))
thet, increments and:wzwé canthen be represented as areal  =(m,(t;,7)e'“I%2,mg(t;,7)e'*s2). (5)
symmetricN, X N, covariance matrixC.°
Complex Fourier transformation with respecttsoyields ac-
IIl. NOESY cording to Eq.(1) 1D absorptive spectra that depend tgn

. . . and T,
The NOESY experiment monitors dipolar auto- and i

cross-relaxation in the laboratory frartfe? It follows the S(ty, 7 w,)
general Scheme 1 containing three 90° pulses separated by v
delayst; and 7,'° » . . _

y ! 7 :ReJ' dtzef'thz{m|(t1,T)e'“"tz—i- mS(tl,T)eletz}

0

90,, —evolution(t;) — 90, —mixing (7) — 90,
=md(wy— 0)M(ty,7)+ 7w~ wg)M(ty,7).  (6)
—detection(t,). (Scheme 2

. . . . . In 2D FT NMR a second Fourier transformation is per-
It is assumed that time-proportional phase incrementatiop . o4 with respect td; leading to a 2D spectrum with

(TPP) (Ref. 14 is applied to thep; phase to shift the carrier diagonal peaks at frequencies(w;) and (s,ws) with
frequency in the indirect dimension outside the spectrum. A&mplitudesa, —age= ef,,fcosh(ﬂ’_) and cross p;eaks at fre-

the beginning of the experiment the magnetizations of bot ; : . :
i . quencies {,, and , with relative amplitudes
spins of a homonuclear IS two-spin 1/2 system are at equ?—1 b1, 09 s, o) P

=ag,;=—e P7sinh(e7). Additional ks, k
librium, which is proportional to 1y ¢q,Ms e =(1,1). For &5~ 8 e "’sinhirz). Additional peaks, known as

simplicity, magnetizations are treated in the following as2al peaks, appear at frequencies, (w,) =(0.w)) and
’ that typicall h li
unit-free quantities that can take values betweehand 1. (Owg) that are typically suppressed by phase cycling

o g methods’ The 2D spectrum can then be represented for the
The magnetization along theaxis is after the second pulse b P

ith oh o lecti laxat - i 2-spin case in a compressed form bya2matrix contain-
(wi phasep,= ¢1), neglecting relaxation angicoupling ing as its elements the amplitudes of diagonal and cross
evolution, given by I (t;),mg(t;)) = (coswt;,cosmd;),

: . geaks of the 2D spectrufh
wherew, , wg are the resonance frequencies of the two spin
relative to the carrier frequency. During the subsequent mix-

. . . R cosior) —sinho7)
ing time 7, the spin evolution is governed by the Solomon S=e P7 ] =g R7, (7
equation®’ —sinhor) coshoT)
d (m|(t1,7') ) B ( my(ty,7)— m.,e(;) 3 In the covariance methothe variances and covariances
drimg(ty, 7))~ T\mg(ty,7)—Mgeq’ ®) of the spectral amplitudes are evaluated according tqZg.
h We focus on the spectral amplitudes at the two frequencies
where o, and wg. The variance of m(t;,7) is Var(l)
p o =(m(t;,n)? —{(m(t;,7))%. When taking into account
R= o p <c05w,t1>=(005w5t1)=(c05w,'t1 coswd;)=0 and {cog wt;)
=(cog wd;)=1/2, one obtains
is the relaxation matrix withp=1/T; and o is the cross-
relaxation rate that is proportional to the minus sixth power  Var(l)=3e2*"{cost(o7) + sintf(o7)}. (8)

of the internuclear distancgs, o=K/r%. The solution to
the initial condition (,(t,),mg(t1)), found by standard lin- Analogous calculations yield Ve8j=Var(l) and
ear algebraic methods, is
Cov(1,S)=CouS,1)
=(my(ty, )mg(ty, 7)) —(My(ty, 7))} Ms(ty, 7))

=—e 2’"cosior)sinho7). 9

. cosor) —sinhoT)

ml(tlaT))

mS(tl ) T)

—sinh(o7) coslor)

e fy

Cointl)_ 1 1) (4)

The corresponding 22 covariance matrix is

o costf(o7)+sinff(or) —2 coslior)sinh(o7)
=—e T
Cov(S,I) Var(S) 2

(10

Var(l) CO\/(I,S)} 1

—2 coslior)sini(or) cost(or)+sintf(o7) |
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Comparison with the 2D FT spectrugof Eq. (7) shows that
C=38=3S8'S=3¢"**". (12)

Hence, the covariance matriis proportional to the 2D FT
NMR spectrum recorded at twice the mixing time 2xial

Covariance NMR spectroscopy 411
causeC is by definition a symmetric and positive semidefi-
nite matrix, it can be diagonalize@yv;=\;v;, with \;=0
andC=UDU', whereD is a diagonal matrix containing the
eigenvalues\; as its diagonal elements akblis an orthogo-
nal matrix with the corresponding eigenvecteysas its col-

peaks are suppressed even without explicit phase-cyclingmns. It follows for spectrun$ and relaxation matriR,

based axial peak suppression.

It is now shown that the relationship of E(L1) holds
for spin systems witiN>2 spins. It is noted that for the
N-spin 2D FT NOESY spectrum the generalization of &.
holds where the peak amplitudes are gitten

S;=[e *]; (12

For a rigid and isotropically tumbling molecule the off-
diagonal elements d® areR;; = K/rﬁ-, whereK is a prefac-
tor that depends on the tumbling correlation time apds
the distance between the nuclei of spi@dj. The diagonal
elements ar®;; = 1/T,;, whereT; is the longitudinal relax-

ation time of spini.

or S=e R7,

S= 21/2cl/2: 21/2U DllZUT, (18)

1 1 T
R= 27_In(2C)— 27_UIn(2D)U . (19

As mentioned above, if the number gfincrementsN;
is smaller than the number o incrementsN,, in 2D FT
NMR the spectral resolution along; is lower than along
w,. By contrast, in covariance NMR the spectral resolutions
along w; and w, are identical for both spectrui@ and re-
laxation matrixR calculated from the eigenvectors and ei-
genvalues of covariance matrfx using Eqs.(18) and (19).

Equationg(17) and(18) provide a straightforward method to

The covariance matrix, on the other hand, is determineg@et a symmetric spectrus,, from a nonsymmetric 2D FT

by

C=(m(ty,7)-m(ty, )Ty —(m(ty,7))-(M(ty,7)7,
(13

wherem(t,, ) is anN-dimensional column vector contain-

ing the magnetizations of the individual spins as its compo-
nents, which is the solution of the generalized Solomon

equations in analogy to E¢4),
m(ty,7)=e "7(c(t) —1)+1, (14)

where  ¢(t;) = (CoSit;),COS@ty),....coStpty))T and 1
=(1,1,...,.1J. The first term on the right-hand side of Eq.
(13) is, after taking into accouriic(t;))={(c(t;)) =0,

(m(ty,7)-m(ty, 7))
=e R7(c(ty) —1)(c(ty) T—17))e R7—e R71.1T

—1-1Te R7+1.17, (15
whereas the second term is
(m(ty,7))-(m(ty, 7)) =e R1.1Te R7—e " R71.1T
—1-1Te R7+1.17, (16)

It follows for their differenceC=e R"(c(t,) - c(t;) "ye R
In the absence of spectral degeneragiess(it;)cos(jty))
=36; and therefore

C= e—RT%e— R7_ %e— 2RT_ %82: %STS,

7

which shows that Eq(11) applies to spin systems of arbi-
trary size. As for the 2-spin cagé&q. (10)] axial peaks are
automatically suppressed. Equati@tv) shows that the co-

spectrums via

Ssym: 21/2Cl/2: (STS) 1/2. (20)

IV. TOCSY

The covariance method is applied to the TOCSY
experiment for a homonuclear 1S 2-spin 1/2 system. The
spin Hamiltonian is given by

H=w)l ,+ 0sS,+27I{1,S+1,S,+1,5,}, (21)

where w,, wg are the Larmor frequencies relative to the
carrier frequency andis the isotropic scalai-coupling con-
stant(in units of H2. Starting with the equilibrium density
operatoroy=1,+S,, the relevant part of the density opera-
tor after thet, evolution period, neglecting spin relaxation
and antiphase tern{sotating-frame zero quantum terimss

o(ty)=coq wIt){coq wt;)l+cogwst1)S,}- (22

o(t,) evolves during isotropic mixing of duration,, under
the effective Hamiltoniarts,=27J{1,S,+1,S,+1,S,} ac-
cording td*

o(ty,7m)=cog wlt))[cod w t;)a (7
+cog wgty)a_(1m) ]«
+cog wJty)[cod w ty)a_ (1)

+cog wsty)a; (7m) 1Sk, (23

where a.(7,)={1*cos(2r)r,)}/2 and only detectable
terms of the density operator have been retained. Phase-
sensitive detection during the peridog yields the complex

variance spectrum corresponds to a NOESY spectrum oljme-domain signal

tained at twice the experimental mixing timer. Z'his ex-

plains the previous observation of significant spin diffusionS(t1,7m,t2) =cog wJt;)[cog wt1)a (Tp)

effects in an experimental covariance NOESY spectrum of

ubiquitin?®
The r;;°

short mixing timesr, forms the basis of the internuclear dis-

tance information obtainable from NOESY spectrd® Be-

distance dependence of the off-diagonal ele-
ments ofR, which determines the cross-peak amplitudes at

+coqwgtqy)a_(7y)]cog wty)expi wty)
+cog wJty)[cod wty)a_(7y)

+coq wgtq)a, () ]cog mIty)expi wgty).
(24)
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After complex Fourier transformation with respecttjo 1D N

absorption spectra are obtained with four multiplet compo- Hisozz 23 {ixl i+ Ligljy + izl 2t (29
nents whose amplitudes dependterand 7y, 1<l

S(tl »Tm ,(1)2)

where J;; is the scalald-coupling constant between spins
=coq mJty){coqd w ty)a, (1) andj. In the 2D FT TOCSY spectrur@ the amplitudes of the
cross and diagonal peaks are given by

+cogwsty)a ()} 5 [y (w+md)
Sj(n=0q-Tr{lj,01(7)}=q- Tr{l e Mo e Miso"},
+0(w— (@ —mJ))] (30)
+coq wJt){cog wty)a (1)
whereq= (Tr{l 122}) ~Lis a normalization factor. The matrices

representing the operatofgs,, l;,, andl;, are real and

o
Teodwghy)as (mm)} 7 [o(w (w5t 7)) therefore the 2D FT TOCSY spectrum is symmeie ST

because
+8(wo— (wg—7J))]. (25)
In 2D FT NMR spectroscopy Fourier transformation aldng Si(1)=S (1)*
yields a spectrum with relative diagonal and cross-peak am- ) ! . .
plitudes =q- Tr{l;,€'Miso"l o~ Miso™}
e R 26 =q-Tr{lj e Tl e M0} = §yi(7), (3D
a_ a, 1 1)

where the first and second rows correspond to theltgmin ~ Where the invariance of the trace operation under cyclic per-
multiplet components and the third and fourth rows corre-mutation of its operator arguments was used.
spond to the twoS spin multiplet components. Zero- For thecovariance methom’!?e spin density operator af-
amplitude cross peaks occur if the scaleroupling is zero  ter ty evolution is o(t;) =2 ,Ci(ty)li,, where ci(ty)
or if condition 7,=n/J(n=0,1,2,...) holds and the cross- =COSwi;. After isotropic mixing, the amplitude of the reso-
peak maxima occur at timesr,=(2n+1)/(2J)(n nance of spirk is
=0,1,2,...).

The covariance spectrum, on the other hand, is calcu- S(ty,7,K)=q- Tr{l e s (t ) € Hiso™)

lated according to Eq2),° N

Var(l)=Var(S) = Zl ci(t)q Tr{| kze*iHisoﬂ iZeiHisoT}
=((cog mIty){cod wt1)a(7m) y
+cogwgty)a_(tm}?)=d(a% +a?), =;l Ci(t)Si(7). (32)

whered = (cog(7t))(coS(mt;) +coS(wdy))) and the associ-
ated covariances are Cdyf)=Cov(S,I)=2da,a_.

Hence. the covariance matrix is The elements of covariance matiixare determined by

a’+a’® 2a,a_
C=d

®{1 1} Ci=(S(t1,7,K)S(t1,7,1)) = (S(ty,7,k)){S(ty,7,1)).

2a,a. at+a’| [1 1 (33)

d[1+cof(2miry) 1-cod(2mlry)] [1 1 _
“2|1-cog2miny 1+cod(zminy |1 1 YO (k) <(S(m)=0 and (a(t)e(t)
=30dij, one obtains
(27)
The cross peaks have zero amplitude under the same condi- N
tions as the cross peaks of the 2D FT spectflg. (26)]. Ck|=,2 (Ci(tycj(ty))Si(7)Sj(7)
Comparison of Eqs(26) and (27) reveals hi=1
N
d d 1 1
_ @ _Car - _Zrgr
C=5=55Ts, (29) 5 2, S(7Si(7)=5[S"Sly (34)
which has, with the exception of the prefactrthe same
form as for the NOESY cagéqs.(11) and (17)]. or C=1STSwhich is the same as E(L7). It differs from Eq.

Equation(28) can be generalized for spin systems with (28) by the prefactod since, in contrast to Eq34), in Eq.
N>2 spins. The isotropic Hamiltonian during the mixing (28) evolution under the scaldrcoupling duringt; has been
period is then taken into account.
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It is worth noting that the general form of E(B4) does  the covariance matri€’=3S'7S'. from a subregiorS’ of
not depend on the explicit form dffs,. It merely uses the the full 2D FT spectrun® that is free of axial peaks.
fact that the propagation under the mixing Hamiltonian is  In this work, the covariance formalism was applied to
unitary. Thus, Eq(34) holds also for other experiments with mixed time-frequency domain data of the typg;, 7, @)
different unitary mixing sequences. As in the NOESY case, &orresponding to 1D spectra aloag with different evolu-
symmetric spectrun$ can be obtained using E(RO). tion timest,. For symmetry reasons, it is possible to apply
the covariance formalism to mixed frequency-time domain
data of the typeS(wq,7m,t2), which is obtained by Fourier
V. PARSEVAL'S THEOREM AND COVARIANCE NMR transformation ofS(tq, 7, ,_tz) _along ty. _However, in this _
case the spectral resolution is determined by the sampling
The relationshipC= 1SS can be rationalized using the along the indirectt; dimension, which is generally lower
well-known Parseval’'s theorem, than the one available along,.

fw f(t)g* (t)dt= %Jm Flo)G* (w)do, (35 VI. CONCLUSION

Covariance NMR spectroscopy is an attractive alterna-
tive to 2D FT NMR for the identification and analysis of
nuclear spin correlations in molecular systems. The theoret-
ical analysis presented here shows that for a large class of
homonuclear 2D NMR experiments the covariance NMR
. k : spectra are mathematically related via Parseval's theorem to
from all resonance frequencies 8(ty, 7m, @) is a rapidly e corresponding 2D FT NMR spectra. Application of the

oscillating function int, with zero average if the carrier fre- a4y square-root operation to the covariance matrix yields

quency is sufficiently far away from all resonances. The lat-, spectrum that has increased resolution alepgnd other-
ter can be achieved by setting the carrier outside the spe

c / ) 4 Guise is very similar to the 2D FT spectrum. In the absence of
trum or by time-proportional phase incrementat(@iPP). a priori information about the spectrum, evolution in con-
From (S(t,, 7y, w,))=0 follows

stantt; increments is well suited for the covariance ap-
szwé(Tm):Cwéwz(Tm)E<s(tlaTm L 02)S(ty, T, w5)). proach. If, on the other hand., the cht_emi.cal shift distribut.ion
36 IS already known, .alternatlv'e excitation and e_volutlon
schemes are conceivable using frequency-selective pulses
SinceS(ty, 7y, wo) is real andS(ty, 7, w2) =0 fort;<0 it providing spin correlation information that can be unraveled
can be shown using the cosine Fourier transformpy means of the covariance formalism. Since covariance

whereF(w) and G(w) are the complex Fourier transforms
of the functionsf(t) and g(t). An analogous expression
holds also for discrete time signals and spectra.

In the TOCSY experimen{S(t,,my,w,))=0, because
S(ty,7m,w,) is either close to zero in case, is far away

S(w1,Tm, w2) = [oS(t1, T, 02) COS(;t)dty, NMR makes fewer assumptions and has fewer restrictions, it
o can be considered for the types of experiments discussed

szwé(Tm)“f dt;S(ty, T, 02) S(ty, 7, @3) here as a generalization of the 2D FT NMR method. From a
0

data analysis perspective, the formulation of a 2D spectrum
1 (= in terms of a covariance matrix has distinct advantages lend-
=;f_mdwls(wl,Tm,wz)S(wlmi,wé)- (37 ing itself to diagonalization techniques, such as principal
component analysis and other multivariate statistical analysis
In other words, the scalar product of two columns of the 2Dmethods'® for the downstream interpretation of the spectra
spectrumS(wy , 7, w>) is proportional to the covariance of in terms of spin-network topology and molecular structtire.
the corresponding time-domain sign&@,, 7, ®,), which
coincides with the mathematical meaning ©%S'S [see  ACKNOWLEDGMENT
Egs.(17) and (34)]. Thus, a symmetrized 2D-FT like spec- )
trum Sy, can be obtained USINGeym= 212c12= (STg) 12 This work was supported by NIH Grant No. GM066041.
[see Eq(20)].
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. . R. R. Ernst, G. Bodenhausen, and A. WokaRrinciples of Nuclear Mag-
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_ (-R _R M. Levitt, Spin Dynamics: Basics of Nuclear Magnetic Resondiditey,
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